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Subspace Multiuser Detection for Multicarrier
DS-CDMA

June Namgoong, Tan F. Wonglember, IEEEand James S. LehneRellow, IEEE

Abstract—A subspace-based linear minimum mean-squared are present. Since the MC-DS-CDMA system also contains
error (MMSE) multiuser detection scheme is proposed for a mul-  direct-sequence components, traditional (time-domain) mul-
ticarrier direct-sequence code-division multiple-access (MC-DS- tiuser detection [3]-[5] can be performed on each of the

CDMA) system. Typically, a MC-DS-CDMA system employs - . . .
a band-limited chip waveform. The band-limited nature of the ~C&rMers to improve the effectiveness of the frequency-domain

chip waveform causes problem in applying standard subspace Scheme for cases where there are a large numbers of strong
techniques because no nonnull noise subspace can be formedinterfererst A more direct, and probably better, approach is to

It is shown that channel and timing information needed for the  perform joint time and frequency domain multiuser detection.
construction of the linear MMSE detector can be identified by the major difficulty encountered in such a time-frequency
a multiple-signal-classification-like algorithm based on a finite- . . .
length truncation approximation of the chip waveform. In practice, .mUIt'use.r detection SCheme.'s that a Ia'.‘ge amo‘,”!t of channel
since perturbed versions of the subspaces assumed in the finite-iNformation, such as the timing and fading coefficients of the
length truncation approximation are actually observed, and users, is heeded. A promising and recently proposed approach
because 0; tttTe bhand-lirwit(iq p:_opeftydOLthe ChtlrF]J WanefOFmv theffor obtaining these channel estimates is to use subspace-based
accuracy of the channel estimation and, hence, the performance of L+ Ati ;
the MM%/E detector are degraded. This effect is inver)tigated in this estimation techniques [6]-[12] .
paper. We propose a subspace—basgd MMSE receiver fora MC-DS-
CDMA system. The orthogonality between theise subspace
and the desired signal vector is exploited to blindly extract the
timing and channel required for the construction of the linear
MMSE detector. This idea is similar to those in [10] and [11],
|. INTRODUCTION which consider the channel estimation and multiuser detection
ECENTLY, there has been considerable interest in muPr a single-carrier DS-CDMA system.
ticarrier direct-sequence code-division multiple-access While the use of subspace techniques for MC-DS-CDMA
(MC-DS-CDMA) systems, which are known to be effectivéystems is an extension from single-carrier systems, the band-
in frequency-selective fading channels. The MC-DS-CDMAMited property of MC-DS-CDMA signals significantly affects
transmission scheme considered in this paper is proposedhf effectiveness of the subspace technique. This fact has not
[1], where a band-limited direct-sequence (DS) waveforReen addressed in all the work on single-carrier CDMA sys-
modulates multiple carriers. Kondo and Milstein [1] emplojems mentioned above. The operation of any subspace-based
maximal ratio combining (MRC) to combine the desiregechnique requires a nonnull noise subspace. For a time-lim-
signal contributions from different carriers. Loét al. [2] ited chip waveform, which is usually assumed in single-carrier
show that when the noises and interference are correlatedPMA systems [6]-[12], the number sfgnal vectorg¢see Sec-
MRC is not 0ptima|_ They propose an adaptive a|gorithm ﬁ'pn |||) from each user is finite. Hence, by taking a sufficient
take advantage of this correlation to reject multiple-acceBgmber of samples of the received signal, a nonnull noise sub-
interference (MAI). Their method can be viewed as a form &Pace can be obtained. However, MC-DS-CDMA systems em-
minimum mean-squared error (MMSE) multiuser detection iploy band-limited chip waveforms, which contribute an infinite
the frequency domain. Since the number of carriers is usuallymber of signal vectors that span the entire space, regardless of
not large, this form of frequency-domain multiuser detectioiie number of samples taken. Hence, a nonnull noise subspace
performs best in situations where only a few strong interfereggnnot be formed. To circumvent this difficulty, we limit the
number of signal vectors by neglecting the tail of the chip wave-
Paper approved by U. Madhow, the Editor for Spread Spectrum of the IEé%rm' Based on this approximation, we formthe (nonnu”) S|gnal
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Fig. 1. MMSE receiver in the MC-DS-CDMA system.

approximation cause performance degradation of the subspasdhe spreading waveform for theth carrier of thekth user.

based estimator. Furthermore, we note that, since the chip waVbke parametef. is the separation between consecutive chips.

form is not time-limited, the near—far resistance of the linedthere argV chips per symbol as indicated in (1), and the symbol

MMSE detector iszero[5]. However, numerical results showduration?’ is related tdl. by 7" = NT... Each band is assumed

that the proposed channel estimation and detection schem#isxperience slowly varying flat fading [1]. The paramekir

robust to moderate near—far problems. Moreover, the perturlmthe power for each carrier of theh user signal, and,,

tion analysis indicates that by employing a fast decaying chip the frequency of thenth carrier. We assume that the chip

waveform and properly selecting a signal subspace dimensiamveformy(¢) is band-limited, and the carrier frequencies are

we can obtain reasonably good performance in mild near—&ell separated so that adjacent frequency bands do not inter-

situations. fere with each other. We also assuthg) is normalized so that
The rest of the paper is organized as follows. The systejn [p(t)|>dt =

model for the proposed MC-DS-CDMA system is introduced in The received signal in complex analytic form is given by

Section Il. A linear MMSE detector is developed in Section IlI.

In Section IV, a subspace-based blind algorithm is developed to K

estimate the fading coefficients needed for the linear detector Z Z 2Py ek m

obtained in Section Ill. Timing estimation for the desired user -

is also discussed. Wg p.resent numerical res.ults.to illustrate the % { Z bgk)ak,m(t _iT — Tk)}ejwmt talt) (@)

performance of the timing and channel estimation and detec- ;

tion schemes in Section V. In Section VI, the effect of the fi-

nite-length chip waveform truncation on the noise subspace #éerea. ,,, accounts for the overall effects of phase shifts and

timation and, hence, the performance of the proposed algoritfding for themth carrier of thekth user/l;, € [0,7") represents

k=1m=1

i=—00

is investigated. Conclusions are drawn in Section VII. the delay of thé:th user signal with respect to the start of the ob-
servation interval, and(¢) represents additive white Gaussian
Il. SYSTEM MODEL noise (AWGN). We assume that the channel coefficients,

ndT; vary slowly. Without loss of generality, we consider the
ignal from the first user as the desired signal and the signals
from all other users as interfering signals throughout the paper.
The receiver is shown in Fig. 1. There até branches in
the receiver. Each branch consists of a demodulator and a chip-
matched filter, and is responsible for demodulating one carrier.

In this section, we describe the model of the MC-DS-CDM
system. We assume that there &fesimultaneous users in the
system, and each user uses the samearriers. Thekth user,
for 1 < k < K, generates a stream of data symhidfe =
(.. b(") b(") b(") ,.-.). The datasymbollsj( )arelndependent

random variables W'th[b]('k)] =0 andE[|b§k)|2] =1 The output of the chip-matched filter on each branch is sampled
The transmitted signal of theth user is given by every T, s. We observe the chip-matched filter outputs for a
duration of27" s so that one complete symbol of the desired
lz \/—{ Z b(k)ak m(t— iT)} eieom ] user is guaranteed to be observed.
el P ’ Without loss of generality, let us focus on the detection of

the zeroth symbol of the first usélél). At the mth branch, the

where output of the matched filter at timgl’. is given by
N-1
k,m ©0 .
wm(®) = > o " p(t —IT2) (1) rnli] = / P(E)* (¢ — §T.)e 3" d. @3)
=0 oo



NAMGOONG et al. SUBSPACE MULTIUSER DETECTION FOR MC-DS-CDMA 1899

The output sample,,[j] on themth branch can be decomposed:th user. Moreover, we define, fér= 1,2,..., K, andm =
into different components 1,2,....M
K r
Pl = itmli] + nmli] (4) am = [ag"™ a*™ a0, 0 (11)
— \_?\,r_/

wheren,,,[j] denotes the component due to AWGN, and which is a vector of lengtl2 N consisting of theV elements

of the spreading sequence of tth user followed byV zeros.
oo N-1

il = VP 30 D0 oalt cycl 1ot i operator and the acyele right s operato
R =00 =0 operating on vectors of lengthV, respectively. We usd'}
X P((J — 1 —iN)T. — Ti) (5)  andT?, to denote: applications of the corresponding operators,
resulting inn left and right shifts, respectively. Based on these
is the component due to théth user signal, fork = operators, we define, fot = 1,2,...,K,m = 1,2,..., M,
L,2,....K. In (5), the function(-) is the output of and every integei

the ch|p waveform through the chip-matched filter, i.e.,
() = ST b(s)p* (s — t) ds. To avoid interchip interference B - . .
for the 'desired signal when it is chip-synchronous, the chip Vi:k:m = Z (=N =) Te = ) Trakm
waveform is chosen to satisfy the Nyquist criterion, i.e., I_N_l
p(nT,) = T, forn = 0 andy(nT.) = 0forn # 0. We n Zz/’(
vectorize the observations by definiag/-dimensional vectors

2N—-1

-l —1N — ’Yk)Tc - Tk)TlLak,rn (12)

oo = [0, 7 [1]. - - .o [2N — 1] (6) Wwherey, € {0,1,. ._._,N — 1} andry, € [0,7.) are obtained
1 = [0, o [1], - - [2N —1]]F and  (7) from the decompositioff}, = v, 1. + Tk,.for k = 1,2,..., K.

. i i ) T As before, for eaclk = 1,2,..., K and integet, we concate-
iem = [tk,m (0] ik (1], - -tk [2N = 1] ()  nate thels vectorsv; ;. ,, to form the2M N-dimensional vector

form = 1,2,...,M andk = 1,2,...,K. Then, we
concatenate the vectors from th&/ carriers to form
the following 2M N-dimensional observation vectors:With these definitions, we can rewrite (9) as

T
Vik = [V;,ij,la V;‘,ij,Qa LR V;‘,ij,]\/l:l (13)

r = [rf,r%w,...,r%}]T, n = [nf,ng,...,n%}]T, and
i = [if 1,0k, 1f " fork =1,2,..., K. Now, (4) can r‘ZD Z b +n. (14)
be rewritten as

1=—00

We observe from (14) that is a linear combination of an
r= Z i, +n (9) infinite number of vectors in general. This leaves the noise sub-
space with only the zero vector. To tackle this problem, we note
t) should be chosen in practice. Based

wheren is a zero-mean Gaussian random vector with covariant(géat 6_‘ fast d_ecaymg;(_ ) _ .
. on this practical consideration, we assume that the chip wave-

The observation vectaris used to perform timing synchro-! form decays fast enough so that a given symbol makes a signif-
qnt contribution only t@L (L > 1) adjacent symbols. Under

nization and channel estimation. Once synchronization aﬁl i loct th ; 14 for th
channel estimation are completadjs weighted by a weight IS assumption, ‘(N? neg e(ck) € ve(ck)ors in (14) except for those
corresponding té_"; , . .. .. for the kth user, since

vectorw = [wy,wo,...,wapn]* to give a decision statistic

based on the MMSE principle, which will be described if'€S€2L + 1 vectors are the dominant terffor i ix. In other

Section IIl. words, each user contributes at m2kt+ 1 vectors. Further dis-
cussion on this finite-length truncation approximation is given

in Section VI.

Ill. SUBSPACEMMSE DETECTOR . . .
Now, the received vector is approximated as

First, let us represent the received veatdn a more conve- 1
nient way. We define, fok = 1,..., K, the2MN x 2MN Z Z Dy, . 41
kVik
k=11l=

diagonal matrix (15)

For notational convenience, we write (15) usingguivalent

Dy =diag| di1, . dity o dinrs s i (10) synchronous modelescribed in [4] as
2N 2N P
r= Z bipx + n. (16)
where, form = 1,2,..., M, dg m 2 V2P m inCorporates k=1

the power, phase shifts, and fading for thh carrier of the  3whenTy = 0, only v, ; andv, ; are nonzero.
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In this model,b; corresponds to the desired symtbéll) and (12). The performance of the detector depends on the accuracy
p1 = D1vy 1. Other vectors correspond to the intersymbol inef these estimations. Methods to perform required channel and
terference and multiple-access interference vectors in (15). ¥Waing estimation are given in Section IV.

note thal K < P < (2L + 1)K .4 The following spectral de-

composition of the correlation matrix efis important for the [V. CHANNEL AND TIMING ESTIMATION

development of subspace-based channel estimation and deteﬁi this section, we describe techniques to estimate the

tion techniques. The correlation matrix is channel coefficients and timing of the desired user, which are

R = E[rr?] = SS¥ 4 0?Loyw (17) both needed in order to implement the linear MMSE detector.
First, we assume that the desired user timing estimation is
whereS = [pi,...,pp|. If we choose different spreadingachieved by a separate process, i[g.is known. We can esti-
sequences for different userp,,...,ppr are usually (but mate the channel coefficients of the desired user by projecting

not guaranteed to be) linearly independent. From now on, e desired user vector onto the noise subspace [6]-{11]. This
assume that these vectors are, in fact, linearly independent ap@roach is similar to the well-known multiple-signal-classifi-
the chip waveform decays fast enough such #at 2M/N.  cation (MUSIC) algorithm in array signal processing applica-
Hence rank(S) = rank(SS”) = P. The spectral decomposi-tions. Sincep; is orthogonal to the noise subspace
tion of the correlation matriR. is given b

Jvendy Ullp; = 0. (23)

A, Ul
R =UAU? = [U, U,] { A } |:U§{:| (18)  Equivalently, we can rewrite (23) as

H _
whereU = [U, U,], A = diag(A,,A,), A, = diag U, Vid; =0 (24)
()\1,)\2, .. .,)\p), andAn = 0'2:[2]\4N_p. where
Above, the eigenvalues dR are arranged in descending

order. We define the subspace spanned by the colunids ek Vo,1,1
the signal subspaceand the subspace spanned by the columns V. — Vo,1,2 o5
of U,, as thenoise subspacé&Ve note that the signal subspace 1= (25)
is just the column space of the matr$k Using the results Vol M
above, it is easy to see that Y

andd; = [d171,d172,...,d171\4]T is the unknown vector

R =UAT'UT = U AU + ULAMUY. (19)  representing the channel coefficients bf carriers of the

desired user. Since the column spaceMof intersects with

Now, we have all the necessary tools to develop a subspaﬁ?e— column space dl,, which is the null space dUZ, (24)
based !lnear MMSI.E dptector for th_e MC-DS-CDMA systernn st have a nontrivial solution. If the intersection between the

Assuming that the timing of the desired user has been acqui umn spaces o/, and V; is one-dimensional, thed; can

(e., the valye Off} is "r_‘OW”)égl? _Iinear .MMSE dete_ctor for be uniquely determined up to a multiplicative constant. This
the zeroth bit of the desired u is obtained by solving the requires P+ M < 2MN +1,0r P < (2N — 1)M + 1, since

optimization problem below the column space o¥; is M-dimensional. A tighter necessary

. _ i a2 condition onP can be found by noting the number of equations
w' = argmin £ Ubo -w 1“‘ } : (20)  and unknowns in (24). SINAXV, has2MN — P rows,d
can be uniquely determined up to a multiplicative constant only
The optimal weight vectow™ is given by if M <2MN — P,or P < (2N — 1)M. Assuming the worst
. . case scenario thd = (2L + 1)K, a necessary condition on
w'=R""p:. (21)  the number of users for unigue determinatiordefis then
Based on (19) and the fact thai is orthogonal to the noise 2N - 1M
subspace, we obtain K= oL+1 (26)
w* = U,A;7 U p, = U,A7'UD,vy,.  (22) We note that the channel estimation technique described above

is near—far resistant because the noise subspace does not depend
In order to implement the MMSE detector described in (22pn the powers of the users. However, we also emphasize that this
we need to estimate the signal subspace as wahassiven conclusion is based on the approximation that there are only a
the spreading sequence of the desired user, we need to distite number of vectors contributing to A more detailed dis-

mate channel coefficients 1, ..., d: » and the delayy from cussion on the effect of this approximation on the performance
the observation vectors and constrpgt = D;v ; based on of the channel estimator in near—far scenarios is given in Sec-
tion VI.

4Zero vectors in (15) are not included in (16). The exact valuE olepends . . . . .o
on how many users are bit- or chip-synchron¢us = 0) to the start of the In practice,R is replaced by.'f[s tlme-avera_ge es“mm
observation interval. The value & = 2K represents the best case scenario iWWe perform spectral decomposition 81to obtain an estimate
which all the users are bit-synchronous to the start of the observation interval.
In the worst case scenario, where no user is chip-synchronous to the start of tH& his follows from the fact thatim(S)+dim(V) = dim(S+V)+dim(SN
observation intervalP = (2L + 1)K. V), whereS andV denote the column spaces©f, andV , respectively.
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of noise subspacfaTn, which is employed to solve the channel TABLE |
estimation problem above. Due to the presence of thermal noise, SIX SAMPLE SYSTEMS
the column space oV; may not intersect with the null space System | K | M | N | near far ratio (dB)
of UZ and, hence, (24) may not have a nontrivial solution. To A 5148 0
avoid this difficulty, we obtain a channel estimale by the B 512116 0
following least square approach: € 51418 10
D 52|16 10
A - 2 E 5|48 40
d; =arg ||I<ﬂ|in1 HUiIVldH . (27) F 51216 40

It is easy to see thad, in (27) is given by the eigenvector aiter approach gives better performance because not only is the
corresponding to the smallest eigenvalue of the matiXceived energy increased, but also the intersymbol interference
ViU, U/V1. We note that in order to demodulate the desirgéym the desired user itself is removed. The disadvantage
symbol, the amplitude and phase ambiguities (with respegtihis method is that the same correlation matrix cannot be
to the real desired user channel veatig) in the estimatel, sed to demodulate the signal of the desired user. When batch
must be resolved. One way to avoid this is to employ PSfgenvalue decomposition (EVD) of the sample correlation
modulation with differential encoding and decoding. matrix or batch singular value decomposition (SVD) of the data
If the value ofT} is not available, joint timing and channelyirix is employed to estimate the signal and noise subspaces,
estimation for the desired user must be performed. The bagig proposed timing and channel estimation in its current form
idea is to hypothesize a value @i € [0,T] and construct js computationally expensive. EVD of the correlation matrix
the matrixV (71 )¢ based on this hypothesized value. Then, ﬂ}%quires()((2MN)3) operations. In addition, the timing esti-
minimization problem in (27) is solved to get the best estimatgation algorithm has a computational complexity@f}?3)
d, (Ty) for this 71. The process is repeated for different valueger nypothesis based on batch EVD. However, once a noise
of T and the timing estimat) is obtained as the solution togypspace is estimated, an algorithm of gradient descent type

the following minimization problem: (O(M?)) [12] can be applied to solve the optimization problem
. o in (27) to reduce the computational burden of estimating the
L =arg TicioT C(1r) (28) " minimum eigenvector. Note that the number of hypothesized

values of7; has no effect on the observed samples. No matter
whereC(T7) is the minimization cost function defined by how finely we hypothesizé/}, we are still using the same
estimated noise subspace for all the hypotheses. Of course,

HﬂHVI(Tl)al(Tl)HQ we still need to generate all the . ,,,, which depend orf;
c(h) = " _ . (29) according to (12), to construdt;. The same amount of storage
IV1(T1)dy (17)]2 is required, regardless of the number of hypothese¥,ifis

_ _ N calculated for each hypothesis. Alternatively, we can store all
The corresponding channel estimatelig7}). Of course, the v, ,  for all hypotheses for a table lookup. Then, the storage

infinite number of possible hypothesized value4pin the in-  requirement is proportional to the number of hypotheses at the
terval[0, 7] must be quantized to a finite set in practice. We notgst of computational efficiency.

that the optimization problem in (28) is one-dimensional. Not
all choices of the pairf}, d,) are allowed. As described above,
given a hypothesized value 8f, we choose the least square so-
lution d,(7}) to (27). Hence, the set of candidate solution pairs In this section, we investigate by Monte Carlo simulations
are(Ty,d. (1)) for all 1 € [0,7]. The advantage of this for- the performance of the proposed subspace timing and channel
mulation is that the search space is greatly reduced, making §&imation scheme under different channel conditions. The sig-
method more practical. Moreover, sin€§17) is a continuous hature sequences are binary and are randomly generated. The
function of 73, it must have a minimum on the compact interva¢hannel coefficientsy, ,,, are generated according to the com-
[0, 7]. Hence, if we search fine enough, we are guaranteed to gégx Gaussian distribution with zero mean and unit variance,
close to the optimal choice @f; that minimizes the cost func- i.e., Rayleigh fading is assumed. For the chip waveform, we em-
tion. ploy a raised-cosine waveform with roll-off factor 0.9. We use

After acquiring estimates ofl; and 7;, we can either samples from 200 symbols to estimate the correlation matrix.
construct the MMSE detector as shown in (22) directly, dfor simplicity, we assume that the number of uséfsis known
adjust the sampling time according to the estimated valaed that each user contributes at most three dominant vectors
of 77 to resample the chip-matched filter outputs and thet, = 1). The dimension” of the signal subspace is taken to
repeat the subspace construction by settiig = 0. The be (2L + 1)K. Up to 1500 realizations, each containing 500
former approach causes significant loss in signal energy dueBPSK data symbols, are used to obtain all the results. To look at
chip asynchronism. As suggested in [4] and [13], this can lage performance of the subspace method under various channel
alleviated by oversampling the chip-matched filter output. Thésnditions, we consider the six sample systems listed in Table I.

6Here we employ the notatiow , (7 ) to emphasize the fact that the matrix The “near—fa_r ratio” (NFR) is the ratio of Fhe average received
V, is a function ofT}. power of each interferer to that of the desired user [8].

V. NUMERICAL RESULTS
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Fig. 2. Probability of acquisition. (a) Systems A, C, E. (b) Systems B, D, F.Fig. 3. Root-mean squared estimation erroflpf (a) Systems A, C, E. (b)
Systems B, D, F.

A. Timing and Channel Estimation
First, we employ the joint timing and channel estimatioFpatched filter outputs and then perform the channel vector

scheme in Section IV for the six sample systems. When ttﬁgt'p]lag_'iﬂ dgstcrlbedt;n|$etc:t|?n V. Tf}e reat.;ondfor'dc:jlng SO 1S
timing estimate obtained is more th&m7. away from the WOTOIC. the Intersymbol Interierence rom the desired user I

true value, we assume that an acquisition failure occurs a IHTAn?ﬁd andfthe most offtthhe S|gtnal energt;)y can be C(;’"E?tei
that estimate is called aautlier [7]. Fig. 2 summarizes the S0 that the performance of the system can be Improved. =g.

probability of acquisition when the average signal-to-nois ows the average normalized channel estimation error. We see

ratio (E, /No) of the desired user increases for the six sampﬁ at the channel estimation is resistant to moderatg nqar—far
systems. We observe that the probability of acquisition can ects NFR < 10 dB). Unde_r severe near—far_ situations
made close to 1 (within 0.25%) wheki,/N, is larger than FR = 40 dB), the channel estimation scheme fails.
15 dB for all six systems. We exclude the outliers from all |
the results presented below. The root-mean-squared (RM)BIt-Error Rate (BER)
errors of the timing estimation for the six systems are plotted inWe employ the timing and channel estimates obtained
Fig. 3. We can see from the figure that the timing estimation geviously to construct the MMSE receiver described in
near—far resistant to a certain extent. Bér= 2 and N = 16, Section lll and investigate its BER performance. First, we
the RMS errors for different NFRs are similar. However, theompare the BER performance of the MMSE receiver with that
effect of the finite-length truncation of the chip waveform startsf the matched filter followed by the maximal ratio combiner
to appear for the severe near—far situation in System E, and fNRC) [1] for the case of a single-user system. Differential
causes the RMS error to increase. encoding and decoding of the information data is employed at
After acquiring the timing, we adjust the sampling timehe output of the MRC. The results are shown in Fig. 5. Under
according to the estimated value ©f to resample the chip- the single-user condition, the MRC is optimal. It can be shown
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easily that the weight vector for the MMSE receiver reduce:
to the MRC if perfect estimates of the correlation matrix anc
fading coefficient vector can be obtained. From Fig. 5, we = [~=='===- e i m—e I
see that the performance of the subspace method using t 107"} 1
imperfect channel estimates is close to the optimal performanc K
by the MRC with the exact channel information. The difference
is less than 1 dB. An increase in the number of carrigfs
provides a larger degree of frequency diversity. Therefore, thg
system withA/ = 4 outperforms the system with/ = 2.

Next, we consider the BER performance of the six sampl
systems. The results are shown in Figs. 6 and 7. We note th ;431

error

y of

—
o
~

T

“Probabi

. . —— MM NFR=0dB
in all the cases, the MMSE receiver outperforms the MRC - MHSF{\EFR:O(?B)) .
that assumes perfect knowledge of timing and channel infoi — MMSE(NFR=10dB) T

: o oo . -=-= MRC(NFR=10dB) .
mation. This is because of the inability of the MRC to reject - - signle user MRC ~<

. . -4 L L S e
multiple-access interference (MAI). For moderate near—fa 10 10 1 12 15 18 20 22
situations NFR < 10 dB) and a moderate range Bf /N, the Average E /N (dB)
performance of the MMSE receiver is only 2—4 dB poorer than (b)

the single-user performance of thg MRIC with perfect chann,%. 6. BER performance for Systems A, B, C, and D. (a) Systems A, C. (b)
knowledge. For severe near—far situatiohd'® = 40 dB), Systems B, D.
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10 . - ' , ' v ' reasonably good performance. We can still obtain a large per-
formance gain over the conventional matched filter receiver by
employing the MMSE detection technique.

As mentioned in Section I, the finite-length truncation of
the chip waveform is a reasonable approximation when the
chip waveform decays fast enough. Here, we characterize this
S claim by using results from matrix perturbation theory [18].
el To this end, we treat the vectors in (14) from symbols other

B than{bgk)}fz_L, fork = 1,2,..., K, asperturbationsto the
unperturbedobservation vector obtained by the finite-length
truncation approximation in (15). The correlation mafixof
— MMSE(M=4,N=8) the unperturbed vectaris called theunperturbed correlation
- mggf,\j‘iz’ﬁﬁs) matrix We observe samples of the perturbed vector and form

MRC(M=2,N=16) an estimation of th@erturbed correlation matriX® from the

' 14 6 18 20 22 samples. For simplicity, we assume that a perfect estimate of
Average E /N,(dB) the perturbed correlation matrix is obtained from the samples.
The effect of finite samples on the performance of channel

estimation can be found in [9] and [10].

If the number of users in the system is known and no user is
the poor channel estimates cause the MMSE receiver dbip-synchronous to the start of the observation interval, then
fail. Error floors are observed in all cases indicating that the = (2. + 1)K, and its value can be chosen by setting
MMSE receiver is not near—far resistant [3]. This is due to the&le decompose th&i N-dimensional space into B-dimen-
band-limited nature of the chip waveform (see Section VI f&fionalunperturbed signal subspaesad a(2M N — P)-dimen-
more discussion). Increasing the processing déiincreases sional unperturbed noise subspaes in Section Ill. We per-
the tolerance of the system toward MAI, while increasing thierm a similar decomposition based on the perturbed correlation
number of carrierd/ provides more frequency diversity. For amatrix. For example, @erturbed signal subspads obtained
fixed total System bandW|dth, a trade off must be made betWeW tak|ng the Span of the eigenvectors Corresponding tdPthe
the values ofV and A/ depending on the near—far ratio, thggrgest eigenvalues of the perturbed correlation matrix. The per-
number of active users, and the SNR of the desired user.  yrpation vectors change the eigenstructure of the unperturbed

correlation matrix, which is the basis of the subspace technique.
VI. FINITE-LENGTH TRUNCATION OF CHIP WAVEFORM Since we perform EVD based on the perturbed correlation ma-

In the development of the subspace-based MMSE receivéf the performance of the subspace technique will strongly
we have assumed that each user contributes at2dostl lin- depend on the perturbations. As long as the unperturbed sub-
early independent vectors to the received veetdrs stated be- SPaces are not seriously altered, it is possible to achieve reliable
fore, this is only an approximation (unless all users are chip-sypstimation and detection. This is the case when a fast decaying

chronous) to the MC-DS-CDMA system because the chip wavehip waveform is employed and the near—far problem is not too

form is not time-limited. In this section, we consider the fac€vere. On the other hand, if the perturbations are strong enough

that each user is actually contributing an infinite number de severely alter the eigenstructure to an extent that the desired

vectors tor and investigate the resulting effect on the perfogignal vectorp, is better approximated by the perturbed noise

mance of the proposed subspace MMSE receiver. We note thidpSpace than by the perturbed signal subspace, the subspace

the discussions below also apply, with only slight modificationtchnique will break down. This phenomenon is knowsais-

to many subspace-based estimation and detection schemeSRice swapls], [16]. The goal of the following analysis is to

DS-CDMA systems with band-limited chip waveforms. c_haractenze the effect of perturbations on the estimations of the
First, since the signal vectors from all the users span the enfi{@nal and noise subspaces.

2M N-dimensional spacethe desired signal vector cannot be

independent of the signal vectors from the other users. This ify- Inseparable Signal and Noise Subspaces

plies that the near—far resistance of the MMSE receiver is zeroFirst, we look at the effect of the perturbations on the sub-

[5], regardless of the finite-length truncation approximation wepace decomposition in Section Ill. Lat, for: = 1,2,...,

made in Sections Il and IV. However, near—far resistance meay/ N, denote the eigenvectors corresponding to the eigenvalues

sures the system performance under the unlikely situation whéredescending order) of the unperturbed correlation magrix

the interferer powers are unbounded. In practice, the near—éne first P eigenvectors span the unperturbed signal subspace,

problem is far more modest. It is shown by the numerical rend the remaining eigenvectors span the unperturbed noise sub-

sults in Section V that the subspace-based MMSE receiver giigsice. We can rewrite (18) as

-
o
T
'
1
!
L

Probability of Error
!
!

-
=)
)
T

10 ’
10 12

Fig. 7. BER performance for Systems E and F.

"The span of the signal vectors depends on the chip waveform and the delays Lis - N 2 H
of the users. With a band-limited chip waveform and random delays, it is likely R = Z )\lulul + Z gruag . (30)
that the span will be the entire space. =1 I=P+1
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Now, we note that the perturbation vectors in (14), denoted pgrturbations in the correlation matrix [19], [20]. Intuitively, a
px, fork > P + 1, can be written as fast decaying chip waveform in a not too severe near—far sit-
uation gives rise to small perturbations in the correlation ma-
trix. Hence, under this condition, the subspace MMSE receiver
should give a good performance. The simulation results in Sec-
tion V confirm this observation.

By defining a 2M N-by-2M N matrix =, whose (i, j)th To develop measures to appraise the reliability of the channel

2MN

pr = b Z ek, (31)

element, fori,j = 1,2,...,2MN, is given bye,; = estimationin Section |V using the perturbed subspaces, we need
> hepy1Ckich;, and usmg (31) we obtain the perturbedo first establish a measure of “difference” between two sub-
correlation matrixR. as spaces. First, let us decompd@es in (18) and obtain a similar
. EVD of R as below
R=R+E (32) - -
- - - A UH}
R=[U, U, - =5 (38)
where [ ] { An} [Uﬁf
2MN 2MN In the following discussion, we focus on the noise subspaces. An
E= > Y ewul =[U, U,EU, U," (33) argument for the signal subspaces can be obtained likéwse.
i=1 j=1 commonly used measure of difference between two subspaces is
. given by thecanonical anglebetween the two subspaces [18],
We can regroup the terms & as [19], [21] (see the Appendix for the definition and properties of
R=R,+R, +R, (34) canonical angles). The smaller the anglgs, the closer are the two
subspaces. Here, we employ the canonical angles to mathemat-
where ically describe the perturbation effect on the noise subspace. It
can be shown [18, p. 43] that the sines of the canonical angles
between the unperturbed noise subspR¢®J,,) and the per-
R, = Z A + Z 257 gt (3%)  turbed noise subspad®(U,,) are the nonzersingular values
=1 j=1 of the matrixU# U,. Hence, if we take the canonical angles to
uN P A i . form a diagonal matri®(R(U,,), R(U,)), then
R, = Z ‘72111111 + Z Z €, j Uy and
=r =P I=0A | sin O(R(U,), R(U,)) (39)
(36)
2MN 2MN .
I where|| - || denotes the 2-norm of a matrix. We note that the
R, Z Z Eij uzu + Z ZEZ ] 37) 2-norm ofsin © in (39) equals the sine of the largest canonical

=1=r =rly=l angle. We proceed to upper-bound this quantity. To do so, we

We denote the column space of a matixby R(A). From first note that

(30), we see thak(U,) andR(U,,) are invariant subspaces Her wH _ 17H (1 &« v1H\ (¥1 % _L1vH
of R sinceUYRU,, = 0. Also, they are invariant bR., and U, U0 =1, (UsASUS ) (U A, US

R, because of (35) and (36). However, one can easily see from —ul (R U,A, UH) (fj A—lfjH)

(37) thatR(U,) andR(U,,) are notinvariant bR,,. Thus, they o

are not invariant subspacesRBf Since any subspace spanned = (Uff R) (fJSAglﬁf )

by a subset of the eigenvectors Bfis an invariant subspace Lo

of R, neitherR(U,) nor R(U,,) is spanned by some subset = (U} + U, U7 (UsAZlUf)

of the eigenvectors dR. Hence, it is impossible to obtain the (40)

unperturbedsignal and noise subspaces from an EVDRof
which is what we observe. Each of the estimated signal anthereI is the(2M N — P)-by-2M N submatrix of=E defined
noise subspaces will always have nonzero projections onto bb§hI' = [02rv—pyxr Lo n—p|E.

the unperturbed signal and noise subspaces. The last equality in (40) is obtained by applying the orthog-
onal relations between the eigenvectass uz, . .., uzyn t0
B. Subspace Perturbation the decomposition aR. in (34). From (39) and (40), we get

Although the unperturbed signal and noise subspaces cannot
be separated from an EVD &, the perturbed signal and noise
subspaces can still be good approximations of their unperturbed
counterparts (provided that the perturbations are small) since
subspaces spanned by eigenvectors are relatively insensitive to

[Isin ©(R(Un ), R(U))|

IA

|20l + U, )7 ||O.A O

o? + ||| _ o + =]

8A subspacet is aninvariant subspacef a matrixA if AX C X. The < ' (41)
following result from [18, p. 220] can be employed to characterize an invariant - )\P - Ap
subspace. Let the columns Xf be linearly independent and let the columns ~
of Y spanR(X)~*. Then,R(X) is an invariant subspace & if and only if %It turns out tha| sin ©(R(U.,) R(U)| = |[UFU,|| < (62 + 1)/

YHAX = 0. Inthis caseR(Y) is an invariant subspace &*. (Ap + p2an) asin (39) and (43)
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where)p is the Pth eigenvalue oR. Furthermore, sinc& is  where$ minimizes||e?®d; —d, ||. Substituting thisl; into (46),

semi-positive definite, it can be shown [18] that we have
~ —1 —4 H
Ap + piasin < Ap < Ap + e (42) (AF)=le=i% (U, + AU, Vi(d; + Ady) ~ 0. (48)
SinceA is nonsingular, (48) implies that
wherep; = ||E|| andpapn > 0 are the largest and smallest ! ! ingular, (48) impli
eigenvalues oE, respectively. Hence, it follows that UV Ad; + AUEV d; + AUEZV Ad; = 0. (49)
_ N o2 + Neglecting the second-order teetdlJ? V; Ad;, we get, based
|| sin ©(R(Us,), R(Uy))|| < FPr— (43)  on the least square nature of the solution

T
From (43), the canonical angles between the unperturbed and Ad; ~ - (UV1) AU V4, (50)

perturbed noise subspaces are small when the chip wavefQilsret denotes the Moore—Penrose pseudo-inverse of a matrix.
decays fast and the power of the interferers are not too large. INyhat remains is obtaining a first-order approximate expres-

particular, whens,, = || sin ©(R(Uy), R(Uyn))|| < 1, the tWo  gjon of AUH , which can be obtained by premultiplying (38) by
noise subspaces aaeute[18]. If the two subspaces are acuteyy#

there is no vector irR(U,,) that is orthogonal t®R(U,,) and " =

vice versa. A sufficient condition for acute perturbation can bdJn R = A, UJ

p1— pemn < Ap—o?, orsimply||E|| < Ap —o?. Hence,we (A7)"Y(U, + AU, (R+E)

want||Z]| (or ||E||) small so that the perturbed noise subspace _ (02T + AA,) (AH) "YU, + AU,)H
is close to its unperturbed counterpart.

H H H H
It can be shown [18, p. 255] that when the perturbed anfrn RTULE+AU R+ AU E

unperturbed subspaces are acute, there is a ntsich that =o?Ul + ATAA, (ATYTIUT 4+ 02AU)
R(U,) = R(U, + U,P). Moreover||P|| = /s2 /(1 — s2). + ATAA (AT AUY

In other words, there exists a nonsingular magixsuch that LU, U,J¥ + AUPR + AUYE

U,A =U, + AU, (44) = ATAAN (ATUH 4 52aUT
+ A7AA, (ATYTTAUY  and
where||AU,,|| decreases as the canonical angles get smalle&UH (R _ UQI) ~ AT AA (A”)—lU” _T[U, U ]H
Moreover n ~ n n s n(51)

A 2
Ap =071+ AA, (45 \where the second-order termsUZ E and AZAA,, (AH)~L
— . AU# have been neglected. Post-multiplying both sides of (51)
<= . . ke . L
yvhere||AAn|| < [IZ]| [18, p. 203]. We will use these two factsby U.(A, — o?1)-'UHV,d, and noting thatv,d, lies in
in the next section. 8
R(U,), we have

C. Channel Estimation Error Analysis AUEV A, ~ —Y(A, - o°T) UV, 4, (52)

Using the subspace perturbation result in the previous s@gere is the(2M N — P)-by-P submatrix ofl" defined by
tion, we can develop a first-order analysis of the channel esi _ T[Ip Opy vt

mation error due to the finite-length truncation effect. We see Finally, by substituting (52) back into (50), we get
from Section Il that the MMSE receiver relies on the accuracy ;
of the estimation of the desired user channel vedtoHence, Ad; = (UV) YA, - o*T)" U py. (53)

the error ind; provides us a good indication of the effect of the From (53), we can see that the error in estimatiags de-

finite-length truncation approximation on the subspace MM . _ . .2
. . . = T
receiver. Based on (44) and (45), we derive the first-order ersrt%rr mined by (more precisely| Y{f) and the projections of

: ) the desired signal vector onto the eigenvectors of the unper-

[17] ond; assuming that the canonical angles between the 4 9 g P

perturbed and perturbed noise subspaces are small.
Instead of (24), we actually solve the following systems

equations to obtain the desired user channel vector estibnate

rbed signal subspace, scaled by the reciprocals of their corre-

ﬁponding eigenvalues. In practice, we can mggég small (rel-

Ol,. . . .

ative to||R/||) by using a fast decaying chip waveform. Hence,

the channel estimation error can be made small in moderate

UHv,d, = 0. (46) near—far situations. When the powers of the interferers increase,
" |IZ]] and the eigenvalues of the unperturbed subspaces increase

Unfortunately, a nontrivial solution to this equation may ncdt roughly the same rate. Hence, their effects on the estimation
exist. So, we use the least square approach as in SectionG&ncel one another [see (53)]. However, the increase in the in-
We assume that the value (77 V1 d, || obtained by the least terferer powers changes the structure of the signal subspace. In
square solution is close to zero. Since bathandd; can only Particular,p; will now be more aligned with the eigenvector

be determined up to a multiplicative constant, we normaliZ9rresponding to a small eigenvalue. As a result, the estimation

their norms to one and define the error in the estimate to be €rTor increases as the near—far effect gets more severe.
To illustrate the discussion above with numerical examples,

Ad; = ¢/%d; — d; (47) we reconsider Systems C and E in Section V. Here, we assume
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implement the linear MMSE detector, the channel and timing
information of the desired user is needed. We have presented
a subspace-based blind algorithm for channel and timing esti-
mation based on the finite-length truncation approximation of
a chip waveform. The signal subspace estimated from the ob-
served signal is different from that spanned by the signal vec-
tors considered by the finite-length approximation. Therefore,
the subspace-based technique inevitably suffers from a perfor-
mance degradation. However, we have shown in numerical re-
sults that the proposed channel estimation scheme is robust to
moderate near—far problems. Moreover, we have investigated
the effect of band-limited chip waveforms on the proposed sub-
space-based channel estimation scheme based on the matrix per-
turbation approach. With slight modifications, our analysis can
be directly applied to many subspace-based estimation and de-
tection schemes, whether single-carrier or multicarrier.

APPENDIX

We briefly review some matrix perturbation theory results
from [18] and [20] that we use in Section VI. First, we define

Mo the canonical angles between subspaces of the same dimension

g based on the following result.
5 Theorem 1 [20, p. 734]:.Let X',V € C" be subspace with
g dim(X) = dim(Y) = . Let 2] < n. Then there are unitary
2 matricesX = [X;X,] andY = [Y1Y3] such thatR(X;) =
2 X, R(Y1) =Y, and
«©
© ® = 0
YiX=|- & 0 (54)
0 0 In—?l
e R 66 o7 08 os Where® =diag(¢1,¢o,...,¢)andE =diag(oy,02,...,00)

0.5
roll-off factor have nonnegative diagonal elements. We note th&t®-+

(b) 3 = T;, and¢? + o2 = 1. This suggests the following
Fig. 8. Channel estimation error for Systems C and EL(&) 1. (b) L = 3. definition of canonical angles.
Definition [18, p. 43]: The canonical angles betweahand

. i 1 Aso—1
that a perfect estimate & is available and the receiver is syn.” &re the diagonal elements of the matfigY’, 1) = sin™" 3.
chronized to the desired us&F; = 0). We calculate the true What we are mteresteq in under many circumstances is the
value of || Ad, || as defined in (47) and its first-order approxiSiN€ of the largest canonical angle. It can be obtained as [18,
mation given by (53) for raised-cosine chip waveforms with & 9311/ sin ©(X, 3)7)|| = |[TLx — Iy||, whereILy andITy are
roll-off factor ranging from 0.1 to 0.9 (fast decay). The resu|tgr01ectlor_1$ ontot a_ndy, _respectlvely. The following relation
are shown in Fig. 8. First, we observe that the finite truncatidf USeful in calculating this value [18, p. 43]:
effect is negligible {Ad,|| is small) in the moderate near—far
situation NFR = 10 dB, L = 1). However, the effect be-
comes significant|(Ad, || is large) in the severe near—far sit;

. . where L denotes the orthogonal complement of a given sub-
uation NFR = 40 dB, L = 1). Also, note that “severity” of a space

near—far problem depends dn It is observed that we can re- Now, we state an important characterization of “closeness”

duce the error due to the finite truncation effect by increasi tween two subspaces of the same dimension. Given a matrix

L as long as the condition in (26) is maintained. Second, as t e denote its perturbation by = A+E. Also, let us denote
roll-off factor increases, the chip waveform decays faster angl, ' ' X

e projection ontoR (A) asll and the projection ont® (A
hence,||Ad,|| decreases. Finally, we see from the results th Prol (A) prol (A)

the first-order approximation is very accurate for the moderate-l-h'eorem 2 [18, p. 137]:The following three statements are
near—far case. equivalent o .

1) ||II - 10| < 1.

2) There is no vector ifR(A) that is orthogonal t6R (A)
In this paper, we have proposed a subspace-based MMSE and vice versa.

multiuser detector for the multicarrier DS-CDMA system. To 3) rank(A) = rank(A) = rank(ITA).

[TLy — Hy[| = [[ILy y[| = [Ty Iy || (55)

VII. CONCLUSIONS
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The notion ofacutesubspaces is characterized by the secongb1] B. D. Rao, “Perturbation analysis of an SVD-based linear prediction
method for estimating the frequencies of multiple sinusoid&EE
Trans. Acoust., Speech., Signal Processivg. 36, pp. 1026-1035,
July 1988.

condition of Theorem 2 [18, p. 151]. This is used in Section VI
to derive the channel estimation error.
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