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presented in this paper. Nevertheless, we will keep the as-
sumption here for notational convenience.

Accurate modeling of the time evolution of the vector
stochastic process hn is often important to the task of channel
estimation at the receiver. Due to its bandlimited spectrum
and nonrational time-autocorrelation function, hn can only be
approximately modeled by an autoregressive (AR) process.
However, since capturing the channel dynamics in short term
is usually the major concern in channel estimation, a low-
order AR model that matches the autocorrelation function (4)
well for small lags is usually enough when the channel does
not fade too fast [37] [38]. Thus we approximate the channel
vector hn by an AR process of order p, denoted as AR-p, as
follows:

hn =
p∑

k=1

Akhn−k + Υ0un , (6)

where the matrices Ak ∈ CL ×L , for k = 1, · · · , p, and
Υ0 ∈ CL ×L are the AR coefficients, and un ∈ CL is a
zero-mean circular-symmetric complex Gaussian noise with
identity covariance matrix IL ×L . The AR model matrices Ak

and Υ0 are determined by the autocorrelation function (4)
given the order p, and can be obtained by solving the Yule-
Walker equations [31] numerically. For the convenience of
establishing a state-space model, we rewrite the AR-p model
of (6) in matrix form as

zn = Fzn−1 + Υun , (7)

where vector zn ∈ CpL is defined as

zn = [hT
n hT

n−1 · · · hT
n−p+1 ]T , (8)

and matrices F ∈ CpL ×pL and Υ ∈ CpL ×L are defined as

F =

⎡
⎢⎢⎢⎣

A1 A2 · · · Ap

IL ×L 0L ×L · · · 0L ×L
...

. . .
...

...
0L ×L 0L ×L IL ×L 0L ×L

⎤
⎥⎥⎥⎦ , (9)

and

Υ =
[

Υ0

0(p−1)L ×L

]
. (10)

Note that for the AR-1 model, we have zn = hn , F = A1,
and Υ = Υ0. Channel estimation will be based on the matrix
form of the AR-p model given in (7).

III. RECEIVER STRUCTURE AND OPTIMALITY CRITERION

A. Receiver Structure

A turbo equalization structure, as depicted in Fig. 2, is
employed in the receiver to combat the ISI caused by the time-
varying frequency-selective fading channel. In the structure,
an adaptive SISO equalizer is embedded into the iterative
decoding process of the BICM transmission system (BICM-
ID) [27]. In each decoding iteration, the equalizer takes
the pilot symbols and the soft decision information about
the data symbols supplied by the SISO decoder from the
previous iteration as its a priori information to perform joint
adaptive channel estimation and equalization. The output of
the equalizer is the soft-valued extrinsic estimates of the data

Fig. 2. Turbo-equalization receiver using joint channel estimation and SISO
equalization.

symbols, which are independent of their a priori information.
For this reason, the equalizer is a SISO equalizer.

The output of the equalizer is an updated sequence of
soft estimates d̂n and its error variance � 2

n . Information for
pilot symbols are then removed from the output and the
remaining data symbol estimates ŝn and its error variance � 2

n
are passed to the SISO demodulator to generate the extrinsic
information for the coded bit ck in log-likelihood ratio (LLR)
form, denoted by L M

e (ck ). At this point, the soft symbol ŝn

is assumed to be complex Gaussian distributed with mean sn

and variance � 2
n . The SISO demodulator performs symbol-

by-symbol MAP demodulation by using the LLRs for coded
bits generated by the SISO decoder in the previous iteration,
denoted by L D

e (ck ), as its a priori information. The output
LLRs, L M

e (ck ), are deinterleaved to obtain the LLRs for the
coded sequence as L M

e (ck ′ ) = � −1
(
L M

e (ck )
)
, which are then

input to the SISO decoder to perform MAP decoding [29]. The
decoder generates extrinsic information L D

e (ck ′ ) for the coded
sequence. The interleaved LLRs L D

e (ck ) = �
(
L D

e (ck ′ )
)

then
supply the a priori information for the demodulator again,
while the a posteriori LLRs L D (ck ) = L M

e (ck ) + L D
e (ck )

are used to compute the mean s̄n and variance vs
n for data

symbols sn as

s̄n = E [sn ] =
∑
s∈X

sP(sn = s), (11)

vs
n = V ar[sn ] =

∑
s∈X
|s− s̄n |2P(sn = s), (12)

where the probability P(sn = s) is calculated by using
the method in BICM-ID [27] based on the assumption of
independent bit sequence {ck}. Then s̄n and vs

n together with
the pilot information are fed back into the equalizer as a priori
information for the next iteration.

B. Optimality Criterion

Due to the transmission model in (1), the channel h and
the data sequence d are correlated given the received signal
sequence y∗. For this reason, independently estimating the
channel and data symbols without using the knowledge of one
another is usually not achievable. Thus it is natural to consider
joint optimization of channel estimation and data detection.
However, the optimal joint ML/MAP channel estimation and
data detection [18] usually has a prohibitive computational
complexity.

∗Here we use the notation h, d and y to represent the whole channel,
data, and received symbol sequences.
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A widely used suboptimal solution to the high complex-
ity joint estimation and detection problem is the iterative
optimization approach [39], [40]. In this approach, a joint
optimization problem over multiple parameters is broken down
into a set of local optimization tasks over each parameter
by fixing the other parameters in the cost function. The
parameters are optimized one by one while the locally op-
timized values of the parameters are substituted into the cost
function in each step. Such a procedure is then iterated. This
is the idea behind the class of turbo equalizers with separate
channel estimation and equalization schemes [8], [11]–[17]
mentioned before. In these turbo equalizers, channel estima-
tion and equalization are performed separately and iteratively
as described in the sequence below:

argmin
ĥ

Jh(ĥ|y, d = d̂) −→ ĥ

↓
· · · ←− d̂ ←− argmin

d̂
Jd(d̂|y, h = ĥ)

where ĥ and d̂ are the optimized estimates of h and d, respec-
tively. The cost functions Jh(ĥ|y, d = d̂) and Jd(d̂|y, h =
ĥ) are for channel estimation and equalization given the
received sequence y and d̂ or ĥ, respectively. For example,
Jh(ĥ|y, d = d̂) = E [‖ĥ−h‖2

∣∣d = d̂] and Jd(d̂|y, h = ĥ) =
E [‖d̂ − d‖2

∣∣h = ĥ] when both the channel estimation and
data detection criteria are MMSE. Unfortunately, this iterative
approach may suffer from two major problems:

1) From the optimization viewpoint, the iterative solution
can be trapped at local minima of the cost function
surface.

2) In each step, the estimator is a function of y and
the other parameter. For example, let us consider the
estimation of h using the observation y and the estimate
d̂ obtained in the previous step, i.e., ĥ is a function
of y and d̂. Note that since d̂ is obtained from y in
the previous step, they are correlated. This correlation
makes the minimizing problem in the current step very
difficult to solve. To avoid this difficulty, the correlation
between d̂ and y is usually ignored in deriving the
estimate ĥ in the current step. Therefore, the solution
obtained in each step is only an approximate solution.

The interaction between these two problems in the iterative
procedure may emphasize the estimation errors, and hence
limit the performance.

In order to overcome these problems, we adopt an MMSE-
based cost function that allows joint optimization of ĥ and
d̂. Let x = [dT hT ]T and write the corresponding MMSE
optimality criterion as

{d̂, ĥ}MMSE = arg min
x̂

{
E

[‖x̂− x‖2]}

= arg min
{d̂,ĥ}

{
E

[‖d̂− d‖2 + ‖ĥ− h‖2]}. (13)

With the system model in (1), this criterion naturally leads
to the use of nonlinear Kalman filtering [28], e.g. EKF and
UKF, and avoids the aforementioned correlation problem. We
note that the estimates ĥ and d̂ are still correlated; however
with nonlinear Kalman filtering, joint optimization of ĥ and

d̂ avoids the need of explicitly neglecting their correlation as
usually done in the separate iterative optimization approach
above. This in turn alleviates the convergence and error prop-
agation problems that limit the performance of the separate
optimization approach.

Based on this, we propose an adaptive SISO equalizer using
fixed-lag nonlinear Kalman filters to achieve the goal of joint
channel estimation and equalization. We note that it is possible
to include some weighting factors in (13). However it can be
shown that the addition of such weighting factors will not
change the solution to the criterion if EKF and UKF are used.

IV. ADAPTIVE SISO NONLINEAR KALMAN EQUALIZER

Using EKF in communication systems for joint channel
estimation and equalization/detection has been investigated
previously, e.g., see [32]–[34]. However, none of these previous
works make use of a priori information and generate extrinsic
outputs. Hence, they are not suitable for turbo equalization.
In this section, we present an adaptive SISO equalizer using
fixed-lag nonlinear KF for the turbo equalization receiver
depicted in Fig. 2.

A. State-Space Model With A Priori Information

In order to apply nonlinear Kalman filtering to the joint
channel estimation and equalization problem according to the
criterion (13), it is necessary to include the channel and data
vectors hn and dn , respectively, into the state space of the
system at time n. To enhance the estimation performance of
the Kalman estimator, we introduce an estimation delay � ≥ 0
for the symbol dn , i.e., the filter estimates dn by using the
observations up to time n+� . Thus, based on the approximated
AR-p channel model in (7), we set up the system state vector
xn ∈ CN as

xn =
[
aT

n zT
n

]T
, (14)

where zn is defined in (8), and the vector an ∈ C�̄ is defined
as

an = [dn dn−1 · · · dn−�̄ +1 ]T , (15)

in which
�̄ = max{� + 1, L}. (16)

Hence the size of xn is given by

N = �̄ + pL, (17)

where p is the order of the AR model used to approximate
the channel and L is the size of hn .

Similar to the idea of the soft-input Kalman channel estima-
tor in [11], we treat the symbol sequence {dn } as a stochastic
process so as to utilize the soft decisions on the data symbols
generated in the iterative decoding process as its a priori
information. For this purpose we express dn as

dn = d̄n + d̃n , (18)

where d̄n = E [dn ] is a deterministic sequence, and d̃n is
approximated as a zero-mean uncorrelated stochastic process
such that E [d̃n d̃∗

n + j ] = vn � [j ] under the assumption of ideal
interleaving � in Fig. 2. The statistical characteristics of dn

are provided via the a priori information. When dn is a data
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AR model. Unfortunately, when the channel is generated from
the model of Bello in (4), Kalman filtering loses its optimality.
In this situation, it is possible to employ other better pilot
symbol aided channel estimation methods during the pilot
symbol periods. The better channel estimates then can be used
as initial values for the proposed equalizer during the data
symbol periods that follow.

We now point out the following remarks:

• In the equalization process, joint optimization for the
estimates of the data symbols and the channel is per-
formed. The correlation between estimates of symbols
and channel is automatically considered in the nonlinear
KF approach. Hence, the usual drawback of separate
channel estimation and equalization/detection approaches
described in Section III is avoided.

• Due to the special structure of T given by (20), the
complexity of the Kalman recursion KR is O(N 2), where
N is the size of state xn . For each data symbol dn , the
proposed equalizer performs (� + 2) KR recursions as
shown in Fig. 3. Thus, the complexity is O((� + 2)N 2).
According to (17), the complexity is independent of the
constellation size Q. For a small � , the proposed equalizer
has complexity comparable to that of the linear MMSE
turbo equalizers with iterative channel estimators in [12],
but much lower than that of the APP-SDD-KF detector in
[24]. With the increasing of Q and/or L , the complexity
will be much lower than that of any MAP equalizer such
as in [11].

• At the very high SNR region with � 2
w → 0, the non-

degeneracy assumption � 2
w > 0 as a sufficient stable

condition for Kalman filters [30] becomes almost invalid.
Small numerical roundoff errors may cause divergency
problems. In this case, numerically stable versions of
Kalman filters such as square-root KF can be used to
avoid the problem [31].

• The filtering process in Fig. 3 can be easily fit into
an efficient pipeline structure with (� + 2) parallel KR
modules. Thus, with efficient algorithms for the VLSI
implementation of the Kalman filter in [36], the proposed
equalizer is suitable for hardware implementation.

V. SIMULATION RESULTS

In this section, we demonstrate the performance of the
proposed turbo equalization receiver over unknown time-
varying frequency-selective fading channels by simulations.
In the simulations, a 64-state convolutional code of rate Rc =
1/ 2 with octal generator (133, 171) is used. Correspondingly,
the max-log-MAP algorithm is used in the SISO decoder.
The information bit block size is set to 1000 bits, and the
interleaver size is equal to the coded block size. In the
modulator, the QPSK constellation with Gray mapping is
used, which gives Q = 4. After modulation, pilot symbol
sequences of length L p are inserted in front of every L s data
symbols in a packet. The SNR penalty due to insertion of pilot
symbols, 10 log10((L p + L s)/L s)dB, is taken into account in
the simulations. The symbol sequence is transmitted over a
three-tap equal power Rayleigh fading channel, i.e., L = 3
and � i = 1/L for i = 0, 1, · · · , L − 1. The channel taps are
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Fig. 4. BER performance comparison for the four turbo equalizers in Table II
over 3-tap equal power Rayleigh fading channel of Doppler rate fDT =
0.001, where Lp = 10, Ls = 15, AR-1 model is used in the receivers, and
K = 5 for LE-RLS.

based on the model of Bello in (4), and generated according
to the method in [26].

With the above system settings, we compare performance
of the proposed turbo equalizers to other three types of
turbo equalizers: the Baysian EM-based joint Kalman channel
estimation and detection receiver in [24], referred to as APP-
SDD-KF; the turbo equalizer with soft input Kalman channel
estimation equalizer in [11], referred to as SKTE; and the
linear MMSE equalizer with modified RLS channel estimation
in [12], referred to as LE-RLS. In the APP-SDD-KF detector,
a soft-decision-directed (SDD) Kalman channel estimator is
embedded into the MAP detector. The trellis used in the
detector has QL −1 states and QL branches between states of
adjacent time instants. The Kalman recursion of complexity
O((pL)2) is performed for each branch, where p is the order
of the AR model in (6). Thus, the complexity per symbol is
about O(QL (pL)2). For the SKTE receiver, a separate soft-
input Kalman channel estimator with complexity O((pL)2)
and the MAP equalizer with QL −1-state trellis are used. The
complexity of MAP equalizer is roughlyO(QL L ) per symbol.
Hence, the complexity of the SKTE is O((pL)2 +QL L ). The
LE-RLS receiver is also of the separate channel estimation
and equalization type. The modified RLS channel estimator
used in LE-RLS has the complexity of O(L 3), meanwhile the
linear MMSE equalizer has the complexity of O(K 3), where
K is the linear filter length. Correspondingly, the complexity
of the LE-RLS equalizer is O(L 3 + K 3). The comparison for
the above three types of turbo equalizers and the proposed one
is summarized in Table II. We note that, for all the receivers,
except LE-RLS, the equalizers are naturally reduced to the
same standard Kalman channel estimator during the pilot
sequence period if no other channel estimation technique is
used for this period. The following performance comparisons
will be under this condition. Also, in all the turbo equalization
algorithms, we initialize the channel tap values by zero at the
beginning of each packet without aid of other pilot assisted
channel estimation techniques.
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Fig. 7. BER performance comparison for the first three turbo equalizers
in Table II over 3-tap equal power Rayleigh fading channel of Doppler rate
fDT = 0.01, where Lp = 10, Ls = 15, and AR-2 model is used in the
receivers.
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Fig. 8. Effect of estimation delay δ on performance of the proposed turbo
equalizer, where the Doppler rate is fDT = 0.01, Lp = 10, Ls = 15,
Eb/N0 = 16dB, and AR-1 model is used in the receivers.

does not employ the AR model in its algorithm, we only
compare the performance of the proposed equalizer with APP-
SDD-KF and SKTE. In this figure, we use the same system
parameter settings as in Fig. 6 except the AR-2 model is
used in equalizers. This results in different increases in the
computational complexity for the three equalizers according
to Table II. Comparing with Fig. 6, we see that increasing
the AR model order p from 1 to 2 can significantly improve
the performance of all the three turbo equalizers. In this
case, the proposed equalizer with estimation delay � = 2
still outperforms the APP-SDD-KF and SKTE equalizers,
especially at high SNRs. By increasing the estimation delay
to � = 5, the performance of the proposed turbo equalizer can
be further improved. With � = 5, the Eb/N 0 value at the BER
of 10−5 for the proposed equalizer in this case is 9.7dB worse
than that of the MAP equalizer with perfect CSI.

Finally, we illustrate the effect of the estimation delay � on
the performance of the proposed turbo equalizer. In Fig. 8, we

show the BERs of the proposed turbo equalizer with different
values of � under the system parameter setting used in Fig. 6
and Eb/N 0 fixed at 16dB. From the figure, we see that for
� = 0 and 1, the iteration process does not improve or even
hurts the performance of the receiver. For channel length
L = 3, the iteration process starts to work when � ≥ 2, and
the performance can be improved with increasing � . We note
that the rate of improvement becomes slow when � is large,
meanwhile the complexity increase is proportional to the cube
of � . However, as shown in previous figures, for channel length
L = 3 a small � value, such as � = 2, usually can provide
good performance already.

VI. CONCLUSION

We have presented a turbo equalization receiver for coded
modulation systems over unknown time-varying frequency-
selective fading channels. An adaptive SISO equalizer using
extended Kalman filtering is employed in the receiver. By
using the extended Kalman filter with a fixed estimation delay,
channel estimation is incorporated into the data equalization
process. Hence, the proposed adaptive soft equalizer can avoid
the common drawback in the separate channel estimation and
equalization/detection approach in that the correlation between
channel estimate and data symbol decision is considered. By
taking the decision of data symbols generated by the SISO
decoder as its a priori information, the performance of the
equalizer can be improved iteratively. The complexity of the
proposed approach is comparable to that of turbo equalization
using linear MMSE equalizers, and is usually much lower than
that of the iterative joint channel estimation and MAP based
data detection approaches. Simulation results demonstrate that
the proposed turbo equalization scheme outperforms the joint
soft decision directed Kalman channel estimation and detec-
tion algorithm in [24], the MAP equalization with soft input
Kalman channel estimation algorithm in [11], and the SISO
linear MMSE equalizer with modified RLS channel estimation
in [12] over fast fading channels, respectively.
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