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Restricted Risk Bayes Linear State Estimation
Yoav Levinbook and Tan F. Wong

Abstract—The problem of state estimation with stochastic uncer-
tainties in the initial state, model noise, and measurement noise is
considered using the restricted risk Bayes approach. It is assumed
that the a priori distributions of these quantities are not perfectly
known, but that some information about them may be available.
While offering robustness, the restricted risk Bayes approach in-
corporates the available a priori information to give less conserva-
tive state estimators than the �-minimax approach popular in the
literature. When attention is restricted to linear estimators based
on a quadratic loss function, a systematic method to derive re-
stricted risk Bayes estimators is proposed. Applying to the filtering
problem, the restricted risk Bayes approach provides us with a ro-
bust method to calibrate the Kalman filter (KF), considering the
presence of stochastic uncertainties. This method is illustrated with
a target tracking example and a wireless channel tracking example
for which the Bayes, minimax, and restricted risk Bayes estimators
are derived and their performance is compared.

Index Terms—Bayes solution, Kalman filter (KF), linear state es-
timation, minimax estimator, restricted risk Bayes estimation, risk
function.

I. INTRODUCTION

W E consider the problem of state estimation for linear dy-
namical systems in this paper. In the extensive litera-

ture on the problem, the initial state, model noise, and measure-
ment noise in the state�space model of a typical linear dynam-
ical system are often modeled as random vectors with perfectly
known a priori distributions (or at least with known covariances
and means). Under this model, it is well known that the Kalman
�lter (KF) [1] is the linear minimum mean squared error es-
timator (LMMSE) for the system states. Unfortunately, com-
plete knowledge of the a priori distributions is seldom available
in practice. Instead empirical distributions of the initial state,
model noise, and measurement noise are usually learned from
past observations and/or experience. These empirical distribu-
tions are then used as approximations to the corresponding a
priori distributions in the state�space model. This approach is
often referred to as the Bayesian approach. Nevertheless, even
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if extensive past experience is available, the estimated distribu-
tions may still deviate from the true ones. The effect of such
errors in the a priori information on the performance of the KF
can be very signi�cant as shown in [2]�[4]. Thus, it is necessary
to consider other approaches that are robust against uncertain-
ties in the a priori distributions of the initial state, model noise,
and measurement noise.

The -minimax approach is one popular approach in the lit-
erature to provide robustness against these uncertainties. The

-minimax approach [5] models system parameters as random
variables whose distribution lies in a class . However, the exact
distribution in the class is unknown. A -minimax estimator is
an estimator that minimizes the supremum of the Bayes risk,
where the supremum is taken over all elements of . For the
state estimation problem considered here, is a class of a priori
distributions for an uncertainty vector, which includes the initial
state, model noise, and measurement noise. The class of avail-
able estimators is usually restricted to linear estimators. As a re-
sult, an element of the class is speci�ed by a �rst-order statistic
(mean) and second-order statistic (covariance) pair. The usual
assumption in the literature is that , where is the
class of �rst-order statistics and is the class of second-order
statistics. Morris [6] assumes that is composed of one ele-
ment (i.e., the mean is perfectly known) and that there exists a
matrix such that for any , . For this spe-
cial case, Morris shows that is a least favorable covariance
and that the KF relative to is a minimax estimator. Martin
and Mintz [7] consider uncertainties in the dynamics and system
input covariance in addition to uncertainties in the measurement
noise and initial condition covariances. Verdœ and Poor [8] use
the -minimax approach to �nd minimax linear observers. They
show that if the mean is perfectly known and is convex, a
minimax linear observer is the KF with respect to a least favor-
able covariance matrix. They show that if in addition there is
also uncertainty in the mean, no minimax linear observer ex-
ists in general. Chen and Chen [9] consider the deconvolution
problem with stochastic uncertainties in the model noise, mea-
surement noise, and initial conditions. They consider the case in
which the mean is perfectly known and the set is compact.

The -minimax approach in essence regards the state esti-
mation problem as a zero-sum two-person game against nature.
This corresponds to a very pessimistic viewpoint based on the
somewhat unrealistic assumption that nature acts as a rational
opponent that wishes to cause us the largest possible loss. More
speci�cally, a -minimax estimator, under the conditions on
mentioned in the previous paragraph, is a KF relative to a least
favorable a priori distribution. If the true a priori distribution
is different from the least favorable a priori distribution, then
using the -minimax approach may result in very conservative
estimators.
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To solve this problem, we consider the restricted risk Bayes
approach proposed by Hodges and Lehmann in [10]. The re-
stricted risk Bayes approach can be viewed as a compromise
between the Bayesian approach and the -minimax approach.
A restricted risk Bayes estimator minimizes the Bayes risk with
respect to an a priori distribution suggested based on some past
experience subject to the constraint that the maximum risk does
not exceed the minimax risk by more than a given amount. This
approach utilizes available a priori information but at the same
time provides a safeguard in case this information is not accu-
rate. If the a priori information is fairly accurate, the restricted
risk Bayes estimator has good Bayes risk performance. Other
work considering the restricted risk Bayes approach or closely
related approaches include [11]�[14]. Despite the appealing for-
mulation of the restricted risk Bayes approach, it has not been
utilized in the context of state estimation. We believe that ap-
proaching this problem from the restricted risk Bayes approach
has a considerable merit. In many applications, some a priori in-
formation regarding the true distribution may be available. This
a priori information is often in the form of a nominal distribu-
tion suggested based on some past experience. The restricted
risk Bayes approach enables us to adopt a less conservative but
still rather robust approach by employing the nominal distribu-
tion while safeguarding the maximum risk.

We employ the nominal distribution as an approximation to
the true a priori distribution, and search for an estimator that
minimizes the Bayes risk relative to the nominal distribution
subject to the constraint that the Bayes risk relative to any dis-
tribution in is less than a given value (see Section II). We can
determine this value based on the amount of past experience
that we have. The stronger the available past experience, the
more we can trust the approximated distribution and the larger
the value we can allow. Under our formulation, the -minimax
approach as well as the minimax approach considered in [15]
1 are special cases. The Bayes risk that we consider is based
on quadratic loss functions. We restrict ourselves to linear esti-
mators in order to derive estimators that are attractive in terms
of computational complexity. In the work regarding the -min-
imax approach mentioned above, -minimax estimators are de-
rived only for the special cases of discussed. The conditions
under which a -minimax is a KF relative to a least favorable
covariance matrix are carefully studied, but the actual problem
of �nding a least favorable covariance matrix are only solved in
special examples (see the numerical examples in [8] and [9]). In
comparison, we consider with less restrictive structures. We
provide a systematic method for �nding restricted risk Bayes
and -minimax estimators (see Sections III and IV). In addi-
tion, we show that a properly calibrated KF (using the method
above) is a restricted risk Bayes solution to the �ltering problem
with the presence of stochastic uncertainties (see Section V).
We demonstrate how the proposed restricted risk Bayes state
estimator can be employed in two application examples (see
Section VI). We observe from the numerical results in the ex-

1In [15], we consider the state estimation problem from a classical decision
theory viewpoint. The distributions of the model and measurement noises are
assumed known. The initial state is considered deterministic and unknown, be-
longing to a parameter set. Nonlinear minimax estimators and approximate min-
imax estimators are derived for important cases of the parameter set.

amples that the restricted risk Bayes approach is superior to the
-minimax approach.

A. Notation
Let denote an -dimensional vector. We use to denote

the Euclidean norm of . Let and denote arbitrary matrices.
We use to denote the nullspace of , to denote the
range of , to denote the trace of , to denote the
Frobenius norm of , and to denote the -norm of . We
use to denote that is positive de�nite (posi-
tive semide�nite) and symmetric and to denote
that . We use to denote the
Kronecker product of and . Let denote an arbitrary set. If

, we let for all . Let
be arbitrary sets. Let , where product

on sets means Cartesian product. We use to denote
the projection onto the th factor. Given , let .
If are subsets of vector spaces , respec-
tively, and are in , and , then means
that for , and means
that for . Let denote the identity
matrix and denote the zero matrix (when the dimensions of
the identity matrix and zero matrix are clear from the context).
Let denote the space of -by- real symmetric matrices. Let

denote the cone of positive�semide�nite matrices in . Let
. For any , we let

. Similarly, for any , we
let . For any topological space

, we use to denote the -algebra of Borel subsets of
. Some of the derivations in the sequel require the use of the

extended real number system. We use the usual conventions for
arithmetic operations in the extended reals. When we take the
supremum or in�mum of a subset , we regard as a
subset of the extended reals, i.e., the supremum and in�mum al-
ways exist and may take the values and , respectively.

II. LINEAR STATE ESTIMATION

A. State�Space Model
Consider the following discrete-time linear stochastic system

in state�space form:

(1)

where is the state vector, is
the system output, is the measurement noise, and

is the model noise. The matrices
and are known. The sequences and
are uncorrelated, and are uncorrelated for , and

and are uncorrelated for . In addition, the ini-
tial state and are uncorrelated for all . We
assume that the true distribution of belongs to a class of dis-
tributions, namely, . The true distributions of and for

belong to the classes and , respectively.
We assume that each distribution in for has a cor-
relation matrix. In addition, we assume that and are
zero-mean sequences. We note that the current formulation re-
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duces to the usual KF formulation when the classes , , and
contain only one element. That is, we have perfect knowl-

edge of the distributions of , , and . Our formulation
is also similar to those of the -minimax papers mentioned in
Section I.

B. Linear Estimation

Let . An ordered -tuple
will be referred

to as an estimation space, which speci�es that the state
vector is estimated based on the observations
for . Thus, an estimation space com-
pletely speci�es which state vectors are to be estimated
and which sets of observations can be used. For example,

is the �ltering problem,
is the one-step predic-

tion problem, and is the
smoothing problem. Most of the results we derive in this paper
are valid for the arbitrary estimation space

and hence, are also valid for the �ltering, one-step prediction,
and smoothing problems in particular.

By an estimator for , we mean that
where is an estimator for based on the observations ,
for . An estimator for is said to be af�ne if
it is an af�ne function of . An estimator for
is an af�ne estimator if is an af�ne estimator for each

. Let denote the class of af�ne estimators for
based on . Let denote the class of af�ne
estimators for , i.e., . For any , there
exists a matrix and a vector such
that . Thus, can be identi�ed as the vector
space with the usual vector addition and
multiplication by a scalar. For a given estimator , let
and denote the matrix and vector, respectively, such that

. De�ne
. Then, is a norm, and is a normed space.

C. States of Nature

For , let denote the set containing all pairs of
the form , where and are the mean vector and cor-
relation matrix of a distribution in . Let ,

, and . Certainly , for
, is a vector space with coordinatewise addition and

multiplication by a scalar. For any , de-
�ne . Let . Simi-
larly, is a vector space with coordinatewise addition and mul-
tiplication by a scalar. For any , de�ne

. Let . Then, is a
subset of . The set equipped with the norm is a metric
space. In a decision theoretic formulation, the set is called the
set of states of nature. This corresponds to the viewpoint that a
game is conducted between nature and the experimenter. In that
game, nature chooses an element called the true state
of nature and the experimenter needs to choose an estimator
without the exact knowledge of . For a given ,

let and , for , denote the mean vector and
correlation matrix, respectively, such that .

We assume that some a priori information regarding the true
state of nature is available. The case where no a priori
information is available is regarded as an important special case.
The a priori information is given in the form of a nominal

. To obtain richer results, we assume the following are true for
and .

Assumption 1: .

Assumption 2: is a compact and convex subset of and
whenever .

Assumption 3: is a compact and convex subset of and
for all , , and .

Assumption 4: is a compact and convex subset of and
for all .

There is no loss of generality in adopting Assumption 1, since
if , we can translate the state and observation equa-
tions in (1) to bring the problem to the form with . The
assumptions that , for , are compact and convex
can be somewhat relaxed, but it is advantageous to make these
assumptions for the sake of easy presentation. The assumption
that for all is rather weak and is needed
to guarantee the essential uniqueness of Bayes solutions (cf.,
Section II-E). The assumption that whenever

is also rather weak and is satis�ed in many im-
portant cases. Assumptions 1�4 will apply in the sequel. An im-
mediate direct implication is as follows.

Condition 1: is a compact subset of .

D. Risk Function
Let denote the quadratic loss function,

and be de�ned by

(2)

where the matrix is determined by the experi-
menter. We assume that . Note that there exists a matrix

such that and that
; hence, .

Let denote the risk function, and be
de�ned by

(3)

where for each

and denotes the expectation operator. Note that the de�-
nition of above assumes that
depends on the distributions of , �s, and �s only
through their mean vectors and correlation matrices. That
this is indeed the case is well known since is af�ne.
More speci�cally, this claim can be veri�ed by inspecting
the exact expression of in (6). In-
deed, suppose that is an af�ne estimator for the state
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. For , de�ne . De�ne
and . For , set . Let

. Let

...

Let . In addition, let for . It
is easy to obtain from (1) that

(4)

(5)

where and .
Suppose that and . By (4) and (5)

By the assumptions regarding the noises and the initial state of
the state�space model in Section II-A, we obtain (6).

For

(6)

Using (6), it is shown in the Appendix that the following condi-
tions hold for each .

Condition 2: The class is convex and is convex
on .

Condition 3: is real-valued and continuous on
for each .

Condition 4: For every sequence in , there ex-
ists a subsequence and an element such that

for all .

Finally, we note that the merit of estimators is judged based on
the risk function . The value is interpreted as the risk
when the estimator is used, given that is the true state of
nature; that is, is the mean vector and correlation
matrix pair of the true distribution in for .

E. Minimax and Restricted Risk Bayes Estimation
We call the triplet an estimation problem in the de-

cision theoretic formulation of this paper. In order to derive the
results in the sequel, we need to consider other estimation prob-
lems by replacing with some other risk functions. We spe-
cialize the following basic decision-theoretic de�nitions [16],
[17] to the estimation problem .

An estimator is said to be an af�ne2 minimax esti-
mator if . An esti-
mator is said to be equivalent to an estimator if

for all . A minimax estimator is
said to be an essentially unique minimax estimator if any other
minimax estimator is equivalent to .

An estimator is a Bayes solution relative to
if . An estimator is a Bayes
solution if it is a Bayes solution relative to some . A Bayes
solution relative to is said to be an essentially unique Bayes
solution relative to if any other Bayes solution relative to
is equivalent to . Since the risk is based on quadratic loss
function, it can be easily veri�ed that a Bayes solution relative
to is simply an af�ne estimator that minimizes the mean
squared error (MSE) matrix. Such estimators are well known in
many cases, e.g., the KF in the �ltering problem (see Section V
for more details). If for , a Bayes solution
relative to is the LMMSE estimator relative to . It is shown
in the Appendix that the following results regarding Bayes so-
lutions hold for .

Condition 5: If is a Bayes solution relative to , then
is an essentially unique Bayes solution relative to .

Condition 6: If is a sequence in that converges to
, then converges to uniformly

on , where denotes the essentially unique Bayes solution
relative to .

Further, an element is said to be least favorable if
. In [18], it is shown

that Conditions 1�5 are suf�cient for the existence of a least
favorable , and that the essentially unique Bayes solution
relative to this is an essentially unique minimax estimator.
Therefore, an essentially unique minimax estimator exists for
the estimation problem , and this minimax estimator
can be obtained by �nding a Bayes solution relative to a least
favorable .

Now let

be the minimax risk. Also let

2Hereafter we will drop the quali�er �af�ne� before each mentioning of an
estimator to make our discussion less cumbersome. This should not cause any
confusion since all estimators considered in this paper are af�ne.
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For any and , an estimator is
said to be a restricted risk Bayes solution relative to
if . Given the estimation
problem , an element , and a real number ,
our goal is to �nd a restricted risk Bayes solution relative to

. We will show in Section II-F that �nding a restricted
risk Bayes solution reduces to �nding a minimax estimator in
a different estimation problem.

Moreover, note that if , then for any ,
a restricted risk Bayes solution relative to is a minimax
estimator. In addition, a restricted risk Bayes solution relative
to is a Bayes solution relative to . Thus, the prob-
lems of �nding a minimax estimator and a Bayes solution may
be regarded as two extreme cases of the problem of �nding a
restricted risk Bayes solution.

Before describing how to �nd the restricted risk Bayes solu-
tion, we need to comment on the de�nition of Bayes solution
above. Usually Bayes solutions are de�ned through a perfor-
mance metric called the Bayes risk. Let be the class of
probability measures that are de�ned on . De�ne the
Bayes risk of the estimator relative to as

The existence of a minimax estimator and its equivalence to a
Bayes solution relative to a least favorable a priori distribution
as discussed before require in general the consideration of
and the Bayes risk [18]. With the assumptions about that we
have made, it is however suf�cient to work with the class
and the risk . To see this, let us �rst consider the probability
measures in that have �nite supports. Refer to the set of
these probability measures as . Also let be the class of
all �nite subsets of . For any , there exists a
and such that and

, where denotes the cardinality of . Let denote the
probability mass that assigns to the point for ,
and let . Since is convex, . Now
let for . As a direct
consequence of (6), is both convex and concave on
for all , i.e., for any and

Hence, for all , and (3) then
implies for all . The compactness of

essentially generalizes this result to all probability measures
in , because is dense in in the sense of weak con-
vergence (cf., [19, App. 3]), as stated in the following lemma.

Lemma 2.1: Let . Then, there exists
such that for all , where

. Hence, for all .
In addition, if is a sequence in that converges weakly
to , then there exist a sequence and an element

in such that for , and
converges to .

The proof is omitted due to its tedious technicality.

F. Reducing Restricted Risk Bayes Estimation
to Minimax Estimation

Let denote the essentially unique Bayes solution relative to
in the estimation problem . For , let

denote a Bayes solution relative to in the
estimation problem , i.e., . Further,
let

Now consider the estimation problem . Using the
fact that is both concave and convex on as mentioned
above, it is easy to verify that also is a Bayes solution relative
to in the estimation problem . Similar to be-
fore, Conditions 1�5 imply that for any , there exists
a least favorable such that ,
and that is an essentially unique minimax estimator for the
estimation problem [18].

The main results of this section are the following two the-
orems. Their proofs are rather technical and cumbersome, and
hence are omitted. Interested readers are referred to [18, ch. 9].
Also note that Theorem 2.2 appears as a conjecture in [10].

Theorem 2.1: If , there exists a
restricted risk Bayes solution relative to .

Note that the restricted risk Bayes estimator reduces to a min-
imax estimator when as mentioned before.
Let . Note that if , a restricted
risk Bayes solution relative to reduces to a Bayes solu-
tion relative to .

Theorem 2.2: Suppose . Then, an
estimator is a restricted risk Bayes solution relative to

if and only if there exists such that:
1) ;
2) .

Theorem 2.2 suggests that �nding a restricted risk Bayes so-
lution relative to is equivalent to �nding a minimax esti-
mator for the estimation problem for some

.

III. FINDING RESTRICTED RISK BAYES ESTIMATORS

From the results in Section II-F, we can �nd a restricted risk
Bayes solution relative to by �nding a
such that is a minimax estimator for the estimation problem

and . Then, the estimator
is a restricted risk Bayes solution relative to .

A. Finding in Theorem 2.2
Since is compact and is continuous on ,

. The following results provide us a
simple way to �nd such a .

Theorem 3.1: 1) Let . Sup-
pose that is a minimax estimator for
and is a minimax estimator for . Then,

.
2) Let be a sequence in that converges

to . For each , let be a min-
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imax estimator for . Then, if
,

and .
Proof: For convenience, write

.
1) If , the required result is trivially true. Hence,

it suf�ces to assume . Notice that is a
decreasing function on for all . Thus

where the �rst and last inequalities follow from the de�-
nitions of , , and . This implies that

, which in turn gives

(7)

But also implies that

where the last inequality is due to (7).
2) For convenience, write . Fix

such that and . By The-
orem 2.1, there exist restricted risk Bayes solutions relative
to and . Hence, Theorem 2.2 yields

and in such that
and , where and

are minimax estimators for and for
, respectively. Then, by part 1) of this the-

orem, since
, we must have .

Thus, for suf�ciently large. Part
1) in turn furnishes that

for suf�ciently large. Of course, that means
.

To obtain the second convergence result, let us �rst prove
that under the hypothesis, . In-
deed, notice that the family is
equicontinuous on . Clearly, .
It follows easily that

(8)

By Theorem 2.2, for each , is a restricted Bayes
solution relative to for some . Thus,

. Fix . Then, there exists such
that for all and all

. Now for

It follows that

(9)

Since is arbitrary, we have by (8) and (9),
. Finally, since

for , .

Suppose that a minimax estimator for can be
found (see Section III-B), and that the supremum of its risk
can be calculated for all . Theorem 3.1 implies that
we can obtain the required by �nding a sequence that
converges to if . Part 1) of the
theorem tells us that such a sequence can be found easily using
the bisection method. Part 2) implies that if is a minimax
estimator for , then is close to
and is close to whenever is suf�ciently
close to . Thus, for suf�ciently large, can be used to
approximate a restricted risk Bayes solution relative to
with any desired accuracy. Thus, we have a practical way to
derive a restricted risk Bayes solution relative to for

. On the other hand, for ,
the problem reduces to regular Bayes estimation, and is the
solution. Finally, the case corresponds to
minimax estimation for .

B. Finding a Minimax Estimator for

Next let us consider the problem of �nding a minimax esti-
mator for the estimation problem , where .
To this end, let us �rst de�ne . The following
result concerning will be useful later.

Lemma 3.1: For any , is concave on .
Proof: Let and be any two distinct elements in .

Let , and . Since is convex,
. As mentioned before, since is both concave and

convex for all

Let . We claim
that is a convex and compact subset of . Indeed, �x and

in and . Let . Since
is convex, . Clearly, for . Thus,

, and is convex. Let be a sequence in that
converges to . Then, by Assumptions 2�4,
for . Thus, is closed. Since is compact, is
compact. Let for
be the class of linear estimators. Then, a minimax estimator for

can be iteratively obtained by using the following
algorithm.
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Theorem 3.2: Let . Consider the estimation
problem . Apply the following algorithm:

1) choose and set ;
2) �nd such that ;
3) if , then stop; the distribution is

a least favorable a priori distribution;
4) let for ; �nd

such that ;
5) put , increment by , and return to step 2.

Then, the sequence is in . It converges to a least favor-
able a priori distribution , and is a minimax esti-
mator. Moreover, the sequence of estimators is in , and

converges uniformly on to .
Proof: For any , let be such that

and for . Note that Assumptions
2�4 guarantee the existence of . It is easy to verify that since

for , . Let .
Then, . By Lemma 3.1, . Hence, there
exists a least favorable a priori distribution that is in .
Certainly is also a least favorable a priori distribution in the
estimation problem .

Since , if and only
if . This together with the compact-
ness of and the validity of Conditions 3, 5, and 6 allow us to
apply a theorem in [12] (which is also closely related to the iter-
ative algorithm proposed in [20]) to obtain the following result.

Let denote the class of probability measures with �nite
support de�ned on . Construct a sequence of distri-
butions in as follows. Let be any distribution in :
having chosen , let be such that

, where is the essentially
unique Bayes solution relative to in , i.e.,

Let ; note that here is regarded as a
probability measure that assigns mass to the point . Let
be such that

and set . Then, the sequence converges weakly
to a least favorable a priori distribution. That is, it converges to
a distribution such that

where is the class of probability measures de�ned on
.

The above result is simpli�ed with the help of Lemma 2.1,
which states that we need to consider only distributions with
support of a single point (element) of . Since we have consid-
ered the estimation problem , the sequence
is in . By Lemma 2.1, the sequence converges to an ele-
ment . The element is least favorable in .
Thus, is a minimax estimator. Since and

for , for all . Since Condition 6
holds, converges uniformly on to .

The main dif�culty in using the algorithm described in The-
orem 3.2 lies in step 2) of �nding a risk maximizing element in

. We will address this problem in Section IV.

C. Finding in Theorem 3.2
In addition to �nding a risk maximizing element in

step 2), in step 4) of the algorithm described in The-
orem 3.2 we also need to �nd an such that

. Here we discuss how to �nd
such an numerically.

For any and in and , de�ne
. Then, the problem of �nding in step

4) is the following standard optimization problem in :

maximize subject to (10)

The lemma below helps to solve this optimization problem ef-
fectively.

Lemma 3.2:
1) For any and in , is continuous and concave

on .
2) For any and in , is differentiable on .

For any

(11)

where and denotes the
derivative of at . Moreover is continuous
on .

3) If , then is a solution to
(10).

4) If , then is a solution to
(10).

5) If and ,
there exists that solves (10) and satis�es

.
Proof:

1) The continuity and concavity of are direct conse-
quences of Condition 6 and Lemma 3.1, respectively.

2) The proof is rather cumbersome and technical and hence is
omitted.

3) Suppose . Then,
, which in turn implies

Hence, is a solution of (10).
4) Similarly to part 3) above.
5) Note that by the concavity of , is mono-

tonically decreasing on . It follows from (11) that
is monotonically decreasing

on . By Condition 6, is
continuous on . As a consequence, the condition of

and
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requires for an . This is a
solution to (10) by the concavity of .

The concavity of makes it easy to employ numerical
algorithms to solve (10), since convergence to the solution is
guaranteed. For example, one can use methods that are based on
the �rst derivative of . Under the condition in part 5) of
Lemma 3.2, is monotonically decreasing on , and
hence, the maximizing can be easily found using the bisection
method.

D. Overall Algorithm

We summarize the main results that we have discussed
in this section into the following algorithm, which �nds a
restricted risk Bayes solution relative to [assuming

].
1) Find a Bayes solution relative to , i.e., . Calculate

. If , then stop; is a restricted
risk Bayes solution relative to . Otherwise, put

, , and . Set .
2) Find a minimax estimator in the estimation problem

as follows.
a) Choose and set .
b) Find such that

.
c) If , then is a minimax

estimator in the estimation problem ; go
to step 3).

d) Let for . Find
such that as

follows.
i) Put and . If

, then set ; go to step 2e). If
, then set ; go

to step 2e).
ii) Let . If

, set ; proceed to step 2e).
Otherwise, if , set

. If , set
. Repeat this step.

e) Put , increment by , and return to step
2b).

3) Calculate , where is a minimax
estimator in the estimation problem .
If , then stop; is a re-
stricted risk Bayes solution relative to . Oth-
erwise, if , set .
If , set . Let

. Increment by , and go back
to step 2).

The only assumption made in the algorithm above is that
a maximizer of over can be found. In general,
given an estimator , it may be dif�cult to calculate

. The complexity of this calculation also varies
signi�cantly, depending on the structure of . Nevertheless,
we will address this maximization problem for some important

cases of in Section IV. In addition, the algorithm implicitly
requires �nding a Bayes solution relative to any . We
note that the Bayes solutions can be easily obtained in many
cases. For instance, we demonstrate that the Bayes solution is
the well-known KF for the �ltering problem in Section V.

IV. FINDING RISK MAXIMIZERS

In this section, we consider the problem of �nding a maxi-
mizer of over for any as required in the
algorithm of �nding a restricted risk Bayes estimator proposed
in Section III-D. Fix . From (6), we can write

for some , , and
. Let for . Let

. It follows from the de�nition
of that . Thus

Therefore, we are left with the following optimization problem.
Given , a matrix , and a convex compact subset

of

maximize subject to (12)

Let denote the extremal boundary, the set of all extreme
points,3 of . Since is convex and compact and is
convex and continuous on , Bauer�s minimum principle [21]
gives

If is �nite, . Thus, a
maximizer of over can be easily calculated.

In order to illustrate the discussion above, let us consider as
an example of �nding a maximizer of over . This
example is important since it corresponds to the case that the
initial state belongs to a compact parameter set .

Example 4.1: In this example, the initial state belongs to
a parameter set . Suppose that is a convex polytope,
which is symmetric about the origin, i.e., if and only if

. In this case, , where is the class of
probability measures de�ned on . Hence

Further suppose that and , which satisfy Assumptions 3
and 4, are also given.

Since is compact, is weakly compact. In addition,
is convex in the usual sense. Thus, is compact and convex.
Fix . Let be such that and are the

3Let� be a convex subset of a vector space� . The point � � � is an extreme
point of � if and only if �� � � � , � � � � �, and ��� ���� �� � � imply
� � � � �.
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mean vector and correlation matrix of , respectively. Let
be de�ned as for every , where

. Certainly , ,
and , where and are the mean vector and corre-
lation matrix of , respectively. Thus, . Hence,
Assumption 2 is also satis�ed.

Recall that . We want to �nd a
maximizer of over . Note that for each ,
there exists such that . Since

is a polytope, there exists a �nite number of points
such that and are ex-

treme points of for . It is not dif�cult
to verify that has a �nite number of extreme points

. Thus, from the discussion
above

and the maximizer in is where
.

When the extremal boundary is not �nite, the optimiza-
tion problem in (12) may be easily solved only when has
special structures. Here, we consider the special case in which

, where
are convex (real-valued) functions. In this important

special case, (12) is equivalent to the following standard convex
optimization problem with inequality constraints:

minimize
subject to and (13)

which can be solved numerically [22]. In the rest of this section,
we consider several cases in which (13) has analytical solutions.

Let and be a nonsingular matrix. Let
and denote the

eigenvalues of . Let and
be the singular values of . Then, by a trace inequality of von
Neumann (cf., [23]), we have

(14)

We consider the following possibilities for .
a) : Fix .

Let denote the eigenvalues of .
By (14), . Thus,

. Since , . Let
, where is the eigenvector of cor-

responding to . Then, and , whence
maximizes over .
b) : Let

denote the singular values of .
By (14) and the Cauchy�Schwartz inequality

Thus, . Since
, . For with the

property that

Since the assignment yields an inner product
on the space of real-valued -by- matrices and

, we have by the Cauchy�Schwartz inequality
that . Thus, maximizes

over if and only if .
c) : Fix

. Let denote the singular values of
. By (14), . Thus

Since , . Let
. Then, and ,

whence maximizes over .
d) , where

: From case 2), we have

maximizes over . We can replace in the de�ni-
tion of by or and use the results in case 1) and case
3) to obtain analogous results, respectively.

Again to illustrate the discussion, consider the following ex-
ample.

Example 4.2: Reconsider Example 4.1 with exception that
the initial state now belongs to the parameter set

for some nonsingular . Physically, it means that
is within an ellipsoid centered at the origin in the -di-

mensional Euclidean space. Clearly, the set is compact in the
sense of the Euclidean norm, and is symmetric about the origin.
Hence, Assumptions 2�4 are still satis�ed. We again want to
�nd a maximizer of over .

Let . We claim that
. Indeed, for each , there exists such that

, and hence,
. So . One the other hand, suppose that and

. Let , where is the eigenvalue
of corresponding to the th eigenvector . Then,

. Certainly we can write , where
and for .

Since , and for
. Let be the distribution that assigns mass

to and mass to for . Then,
has zero mean, and . Thus, . For the
case of , consider that assigns unit mass to . Then,
we have . It follows .
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From the result in case a) above, we conclude that
, where is the eigenvector of

corresponding to its largest eigenvalue, is the
maximizer in .

V. CONNECTION TO KALMAN FILTER AND
-MINIMAX APPROACH

Following the usual notation in the KF literature, let
denote an estimator for based on the observations . For

, let be the covariance
matrix associated with . De�ne the MSE matrix of
the estimator relative to as

Let and be de�ned by the following well-
known update equations of the KF:

(15)
(16)

(17)
(18)
(19)
(20)
(21)

where , ,
and denotes the Kalman gain.

Consider the �ltering problem speci�ed by the estimation
space , where . It is well
known that , which is usu-
ally referred to as the KF relative to . Since , the
existence of is guaranteed [24]. By Theorems 2.1 and 2.2,
there exists a such that the KF relative to is a restricted
risk Bayes solution relative to for all .
The algorithm in Section III-D can be employed to �nd the re-
quired .

In order to employ the algorithm in Section III-D, we need
to ef�ciently calculate the risk for any .
It is easy to verify that
for any and . For convenience, let

. Using (17)�(21), it can be shown
that

(22)

(23)
(24)

Since

the set of update (17), (19), (21), (23), and (24), and initial con-
ditions (16) and (22) can be used to calculate recur-
sively.

In addition to ef�ciently calculating the risk, we also need
to �nd a maximizer of over for any .
Recall from the discussion in Section IV that this requires us
to ef�ciently calculate , , and for any

. To that end, de�ne .
For , let . Also let

and . Further for and
, de�ne .

For , de�ne .
For , de�ne . Note that

and
. Using (6) and (15)�(21), it

is not dif�cult to show that

(25)

Now for , de�ne

(26)

Then

(27)

It also follows from (25) that

(28)

Therefore, we can employ the following procedure to calculate
, , and .

1) Apply a forward recursion (i.e., increment from to )
of Kalman update (16), (17), (19), and (21) to obtain the
Kalman gains .

2) Use (26) to �nd , and recursively apply (27) to get
.

3) Use (28) to calculate , , and .
To conclude this section, we reiterate that the -minimax ap-

proach can be regarded as a special case of the restricted risk
Bayes approach considered here. The class of a priori distri-
butions in the -minimax approach coincides with the class
of the states of nature discussed in Section II-C. As discussed
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in Section II-E, by setting , a restricted risk
Bayes solution relative to reduces to a minimax esti-
mator for . Since , the risk is in fact the
Bayes risk relative to a certain distribution in under the -min-
imax formulation. Thus, a minimax estimator for is a

-minimax estimator. Therefore, the results in Sections III-B,
III-C, IV, and this section can be used to �nd a -minimax es-
timator. Nevertheless, we note that the restricted risk Bayes ap-
proach is preferable to the -minimax approach when a priori
information is available. This is demonstrated by the numerical
examples considered in the next section.

VI. NUMERICAL EXAMPLES

To illustrate the results of the previous sections, we consider
a simpli�ed target tracking problem and a wireless channel
tracking problem as examples.

A. Target Tracking

Suppose that a target is moving in the 1-D space. We employ
the three-state trajectory model of [25] to describe the motion
of the target. The state vector ,
where denotes the position of the target, denotes
the velocity of the target, and denotes the acceleration
of the target at time . We assume that a radar measures the
position of the target every seconds. To describe this radar
tracking system, the state�space model in (1) can be speci�ed
with

and . Let the model noise be modeled by a
zero-mean random vector with nominal covariance matrix

and the measurement noise be a zero-mean random variable
with nominal variance . We further assume

, i.e., lies within an ellipsoid. The
nominal distributions of , , and are available from past
experience, but they may not be the true distributions. The true
distribution of belongs to , which is the space of distri-
butions de�ned on . The true distribution of the mea-
surement noise is known to belong to the class of zero-mean
distributions whose variance satis�es for some

. Similarly, the true distribution of the model noise is
known to belong to a class of zero-mean distributions whose co-
variance satis�es for some .
By Example 4.2, . In addi-
tion, it is clear that ,
and , where

and . Clearly, Assumption 1 holds
in this example. We have shown that Assumption 2 holds in Ex-
ample 4.2. It can be easily veri�ed that Assumptions 3 and 4

hold as well. We consider the �ltering problem speci�ed by the
estimation space .

To perform numerical calculations, we choose the following
values for the various parameters mentioned above: ,

, , , , and

and

We assume that the nominal distribution of has zero
mean and diagonal covariance matrix with diagonal entries

. We consider the risk in (3) as our per-
formance measure, and let the weight matrix , for each

, have all zero elements except only for the unity
element in its upper left hand corner. This choice of the weight
matrices implies that we are only interested in estimating the
position of the target, and we regard the velocity and accelera-
tion of the target as nuisance parameters.

To employ the restricted risk Bayes approach, our �rst step
is to choose a suitable value for . In order to choose , we
need to calculate and . Once these quantities are
available, we can choose based on the amount of a priori
information we have. Let denote the essentially unique min-
imax estimator in the estimation problem . We can
get an insight as to how to choose by plotting the Bayes
risk versus the maximum risk as
varies from 0 to 1. We can also obtain the values of
and from such a plot. We use the algorithm of Theorem 3.2
to calculate for , and then calculate and

. The plot is shown in Fig. 1. From our calcula-
tion, and , which,
respectively, are the smallest and largest values of
in Fig. 1.

Note that by Theorem 2.2, Fig. 1 in fact shows the Bayes risk
achieved by a restricted risk Bayes solution relative to
versus . Hence, this �gure tells us the tradeoff between the
penalty on the Bayes risk and the safeguard on the maximum
risk by employing restricted risk Bayes estimation. We can see
from the �gure that on the one hand it would make little sense
to choose , since the improvement in the Bayes
risk would be minor and the degradation in the maximum risk
would be very signi�cant. On the other hand, if we chose

, we would only obtain minor improvement in the
maximum risk and signi�cant degradation in the Bayes risk.
Therefore, it seems that in most cases, except perhaps in the
case of complete lack of a priori information, we should choose

. For illustration, we choose
. We calculate the restricted risk Bayes solution relative

to using the algorithm in Section III-D. For this value
of , the restricted risk Bayes solution relative to is a
minimax estimator for the estimation problem for

. The restricted risk Bayes approach can reduce the
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Fig. 1. Achieved Bayes risk versus maximum risk.

maximum risk to about 1/13th of that of a Bayes solution while
suffering only minimally (about 4%) on the Bayes risk.

Besides being helpful in choosing , Fig. 1 also tells us the
performance of the restricted risk Bayes solution (including the
minimax estimators and Bayes solution) under the following
two extreme cases:

i) is the true state of nature;
ii) the true state of nature is the worst case prior for the re-

stricted risk Bayes solution.
However, we are often more interested in characterizing the per-
formance of the restricted risk Bayes solution under the more
likely cases in which the true state of nature is not the two ex-
tremes above. In order to do that, we need to specify the set
of that are likely to be the true state of nature. We as-
sume that this set is

, where . That is, the true state of na-
ture is likely to be an -mixture between and an unknown

for . The more accurate a priori informa-
tion we have, the more likely it is that the true state of nature is
close to , and hence, the larger is. Note that for any ,

. Let
denote the essentially unique minimax estimator in the estima-
tion problem , and recall that denotes the essen-
tially unique restricted risk Bayes solution relative to .
It is easy to verify the following expressions for the maximum
risks achieved by the Bayes, minimax, and restricted risk Bayes
solutions over :

Let us assume that a priori information is suf�ciently accu-
rate that . Fig. 2 plots the maximum risks over
of the Bayes, minimax, and restricted risk Bayes solutions for

. The maximum risk over of the restricted risk

Fig. 2. Maximum risk over� of the Bayes, minimax, and restricted risk Bayes
solutions versus �.

Bayes solution is less than that of the Bayes solution for almost
the entire range of . In the interval , the maximum
risk over of the restricted risk Bayes solution is in fact sig-
ni�cantly less than that of the Bayes solution. The maximum
risk over of the Bayes solution is less than that of the re-
stricted risk Bayes solution only for , and even in
this case, the difference is very small. It can also be seen from
Fig. 2 that even a relatively small uncertainty in the true state
of nature may lead to undesirable performance of the Bayes so-
lution relative to . For example, in the case , using
the restricted risk Bayes solution instead of the Bayes solution
leads to 50% improvement in the maximum risk over . In ad-
dition, it can be seen that the performance of the restricted risk
Bayes solution is superior to that of the minimax estimator for
all . This illustrates that if a priori information is avail-
able, the restricted risk Bayes approach is preferable to the more
conservative -minimax approach.

B. Wireless Channel Tracking

Consider single-input�multiple-output digital transmission
over a fast fading frequency nonselective wireless channel, i.e.,
the channel is not dispersive but is time varying. Let denote
the transmitted symbol at time . For the sake of simplicity, as-
sume for . We assume that the transmitted
symbols are known at the receiver. This corresponds to the case
of a training sequence. The transmitted sequence is generated
in a pseudorandom manner. Our objective is to achieve reliable
channel tracking as quickly as possible.

The state�space model given by (1) can be employed to de-
scribe this channel tracking problem. Let be the state vector
containing the channel taps from the transmit antenna to the re-
ceive antennas, at time . Then, is the number of re-
ceive antennas as well as the number of channel taps. The model
matrix in the modeling equation is chosen to be , where

. This choice of is a common approximation to
the true physical channel process. The vector on the other
hand represents the received signal vector at time , where the
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th entry of is the received signal at the th antenna. Hence,
. In addition, . We assume that , , and

are zero-mean random vectors whose true covariance ma-
trices belong to the sets , , and , respectively.

We assume that prior to the transmission of symbols, there is
a period of samples, namely, , over
which the transmitter remains silent. Hence, for

. Using these samples, the covariance of
the observation noise is estimated by .
The estimated covariance is used as the nominal covariance of

. Moreover, we assume that there is no a priori information
about the initial state and model noise . With no a priori
information about and available, it is most reasonable to
assume that the nominal values for the covariances of and
are the least favorable ones in their respective sets. In this way,
the nominal value required in the restricted risk Bayes
approach is speci�ed.

In our notation, the channel tracking problem consid-
ered is a �ltering problem speci�ed by the estimation space

. For illustration, we choose
the following numerical values for the various parameters
mentioned above: , , ,

, , and
, where , ,

, and . We consider the risk in (3) as our
performance measure, and let the weight matrix
for each .

We �nd the minimax estimator using the algorithm in The-
orem 3.2. The least favorable covariances of and are
found to be and , respectively. In addition, the
minimax risk . Given constructed based
on and the least favorable covariances of and above,
we construct a restricted risk Bayes solution relative to
with . Thus, the degradation in risk with respect to the
minimax estimator can be at most 174.1 (77%). In most cases
(as in the case shown below), the restricted risk Bayes estimator
however gives better performance than the minimax estimator.

Note that the risk , for any estimator , is a random
variable since the nominal is constructed from the estimator

, which in turn depends on the observations .
In order to demonstrate the performance under this consider-
ation, we run Monte Carlo simulations in which the observa-
tions are randomly generated. From the Monte
Carlo realizations, we calculate a histogram to approximate the
distribution of the risk . We use 10 000 realizations of

for , and 20 to generate the his-
tograms. The true value of the covariance of used to generate
the Monte Carlo realizations is

In the unlikely event that , the Bayes solution would
obviously give the best performance. The risk of the Bayes so-
lution in this case is , while the risk of the restricted risk
Bayes solution is . Thus, the restricted risk Bayes solu-
tion suffers from a degradation of only (less than 1.5%) in

Fig. 3. Normalized histogram of ���� ��� for the Bayes, restricted risk Bayes,
and minimax solutions for � � �.

Fig. 4. Normalized histogram of ���� ��� for the Bayes, restricted risk Bayes,
and minimax solutions for � � �.

risk compared with the Bayes solution. This is obviously a very
small degradation.

For most cases, differs from , and the restricted risk
Bayes solution would often perform better than the Bayes so-
lution for small as illustrated in Figs. 3�6. These �gures com-
pare the normalized histograms of for the Bayes, re-
stricted risk Bayes, and minimax estimators with ,
and , respectively. The histograms are normalized to have an
area of under each graph. Note that since the minimax es-
timator does not utilize , its risk does not depend on the re-
alizations of . Hence, the distribution of
assigns mass to a single point at the risk value of . In
Table I, we calculate the mean, median, 90th percentile, 95th
percentile, and 99th percentile of for the Bayes, re-
stricted risk Bayes, and minimax estimators. Note that the per-
formance of the restricted risk Bayes solution is signi�cantly
better than that of the minimax estimator, even when only two
samples are used to estimate the covariance. It is also apparent
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TABLE I
MEAN, MEDIAN, AND PERCENTILES OF ���� ��� FOR BAYES, RESTRICTED RISK BAYES, AND MINIMAX ESTIMATORS

Fig. 5. Normalized histogram of ���� ��� for the Bayes, restricted risk Bayes,
and minimax solutions for � � ��.

Fig. 6. Normalized histogram of ���� ��� for the Bayes, restricted risk Bayes,
and minimax solutions for � � ��.

that the restricted risk Bayes estimator is very robust since its
histogram is narrow and does not have a heavy tail.

When , the performance of the Bayes estimator is not
good as expected. Moreover, the Bayes estimator is not robust
as the histogram is wide with a heavy tail in this case. While the
mean and median of the risk achieved by the Bayes estimator are
better than those of the minimax estimator, the performance of
the Bayes estimator is worse than that of the minimax estimator

in more than 10% of the realizations, and the performance is
very bad in 1% of the realizations. Clearly, when , the
minimax estimator is preferable to the Bayes estimator because
of its robustness. The restricted risk Bayes is more preferable to
either.

When , both the restricted risk Bayes and Bayes esti-
mators are preferable to the minimax estimator. This illustrates
that when suf�cient amount of a priori information is available
the minimax approach is rather pessimistic. In the case of ,
the performance of the restricted risk Bayes estimator is clearly
better than that of the Bayes estimator. Note that the histogram
of the restricted risk Bayes estimator is prominently narrower
than that of the Bayes estimator. For , the performance
of the restricted risk Bayes estimator is still better, but not as
signi�cantly as in the case of . Finally, for , the
performance of the restricted risk Bayes estimator is almost the
same as the Bayes estimator. In this latter case, is suf�ciently
large so that is with high probability very close to . This il-
lustrates that when can be estimated very accurately, i.e., when
the a priori information is very close to the true state of nature,
the Bayes estimator is suf�ciently good. However, when the a
priori information is not very accurate, the restricted risk Bayes
approach is preferable to the Bayes approach. In all cases, the

-minimax approach appears to be overly conservative.

VII. CONCLUSION

We considered the problem of state estimation with stochastic
uncertainties in the initial state, model noise, and measurement
noise. We derived linear restricted risk Bayes solutions that in-
corporates the use of a priori information to solve the state es-
timation problem. We proposed a general method to obtain a
linear restricted risk Bayes estimator. This method requires a
maximizer of the risk function to be calculated ef�ciently. We
considered several important cases in which a maximizer of the
risk function can be analytically calculated and showed that in
many other cases it can be calculated numerically. Thus, we
provided a systematic way to derive restricted risk Bayes so-
lutions. When the �ltering problem is considered, the restricted
risk Bayes approach provides us with a robust method to cali-
brate the KF. From the numerical target tracking and wireless
channel tracking examples, we demonstrated that the proposed
restricted risk Bayes approach is preferable to the Bayes and
minimax approaches even when only very noisy a priori infor-
mation is available.

Finally, we point out that the results in Sections II-E, II-F,
and III can be extended to solve a general nonlinear estimation
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